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Ab stj-a c t
TIll' purpose of t1 li~ 1,IIt'~i~ is 1.0 {'111l11Jilrt' 1Ill' IIOIlIli lll'ar "I'Ullll,itJll "f iul,'t llal
grav ity wnvcs ohlai nl'd f l"01I1 a Iully noulinour primiLi\'l' "qna lillll UUIl!. '! with IIII'
evolution predicted hy weakly 1I0111iUI'n1'tlll'lI1'\I'S [i.o., till' !\ ,IV "IIIII\II'; .IV 1 'l lml l,iulI ~),
In order to focus on Ul(' noullm-ar 1'\'ulu1.ioll, we- nm sidl'r till' id,'a1i;;'l'dnl.~" uf all
invlseid, iucompr esslblc n C)lIssim's' l Ilnldof t:tmsta llt ' !c'llth wlrh simp[,' stl'iIt.llindi"IIS,
In such <IU environment, tI ll' ,'volllt io n of interna l W,lVl'S is 1.11t 'tm'l.kall.l' 'llll l l .v ~,.. 1
up to second order ill amplitude hy 1.11" llll't,hud or 'lsym l'1.lI1.k I'S l lill1~i" lI r"UIIWill/!;
Lee N. Bea rdsley \l97 'IJ. TIlt' n'sulti ll~ ~{)Vl'r ll i n~ l"(III,.1.i" lI is t ilt' Ild';,IV .'t llli,li"Il,
MI'lII1Whilc, t lll~ evclutlonof tIll' Hllm,' HYH~t' 11 1 illshnul a k ,1I,y lL fully l1lmlillm l', in visd'[
numer icalmodel. T Ilt' modelis helk-vr-dtu I", rt'!iilIJ1I'(1..11 11 [' [l! I!I:111 ,10]) "1111 L1 111 .~ n lll
he used to quantitatively ver ify t l1l' (1 ,~ r i\'l ',1 t.ln'oty, TIlt' l lll'01'y is ,'utlll'iln', 1ap;ilills1.
the mode l results. Au in itia l d''P rt's.~ion Is gCIll'ratl,<1 nn.ltho nlJnlilt,',. r H1.''t ' I '' 'llirl~ uf
the wave fronl and its snbscqueut I'volnllo l[ into 111 1 nudn l.. r 1m1'\' is luvl 's1.i$';al"',1 fill'
different stratifications and WaveIl111plitltd"s, It is rlll ll t,1 tllid, t il!' Lluxn-y i.~ ill vr-ry
good quuntlturive agrccnu-ut wiLh lhl ~ mudd 1"I'S1l [lH, TIlt' l11[{dV {'<Illatiun W'lJ,'ra lly
imlHOV(.'S the flrst-or dcr ](tiV results Ior wav es wilh Illlllllillll'IIS1CJlI,' [1I1I11'Ii1I1d4" 111' 1.0
0.07, For small waves with, < 0.02, til " s,,,,ljlld ()rdt ~ r rltmlilll,itrll,y is lilli,nlldal. 'I'l l"
IIlI\dV 1'llUillio li is IIUt l,p IJl"upri lt ll' for waves with ( I ;l r~"r r.hanll.Oi. Theso result s
»rt>Vi,I(· [urf.hr-r ('vi,l('un ' t1111 11.lw fully uouliurnr prunitive ('f1,w.1. inll 1I1011('! is rI,liahl{'
;'Il.1~iVl' sum " ir" ljnrt.i"" or wls-nlilt' l\d V <1 1111rnl\ 11V'·qlla t.ions cun( ·,·tly pr<~didl.lw
W<I\'I ' l' vo lllliuli . It is Ills" shown th a t a rlt'r lilt' nndulnr bon' bcgius 10 form , ro tntien
fillS Il minor dfl "'l un ib s rrl.sl'ljlll'1l1. evolut ion.
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Thl'~ " wnvca playa Ilip;nilin lnt TO],' in l ra llsporl iug momentum 11111l t>1ll'rgy within t i ll"
,W,'lm lI1ul can Ill' au il1l1'uttitnt source of mixing. It has beenrealized tha t IGWs and
thd r skh-('m'ds ( 1('s! 'r V(~ raroful attent ion, for they can significantly influence ora-au
("lIrr t'n t ltU'il:<lI rC' llll'lll , nndorwater navigation , antisubmarine warfare op(~mtioIl H and
"\" '11 1,111' fl't·tlillg of ma dill' animals (SI'P Oshorlle ,it Burd i [[980]).
( Iw-r ti lt' pilsl two dC'nlll,-s, t here have been many repo rt s of obsor vaticns of
1 ;1l"~" internal waves tJlTlIrinp; ill l Ilt' ocean, Thes e waves ',Wusu ally in th e for m of
inlt'rf nd ;ll undulnr horr-», llu]itOlis or solitary waves, typified by la rge, a mplitude nud
or,Il'!"with till' IHrgl'st II' ilVl' 1" H , l i ll~ till' ~r"'ll' , 11'111'1'1"11 [11171 11,1,I,ll<1l1ry .-f ul. [ 1 ~ '7~ 11
and Chen-skin [ l!llnl wllOrtl'<! l<l1dl WiI\',' r"rIIw l,i,,"s uh s,'r\'t'cl ill 1\1;,ssa ,.}mss,'lts Il a.\',
Far mer &. Smith [l!lRO a.h]ill I\ lIip;llt lulot, 0 1'1101'111' .\'. Hurl'l l [ 1 !I~ lIJ ill t ill' Audnutnn
Spa am i ApI'! d ol. [IIJK."i) ill ti ll' Sull1 Sm and Slllld.4wlll ,~: Elli"u [I!IKlJ " II 1,1)('
Sniti llll SlllM,d l o!Js,'rv,',I ,simil llrwlIv"I'" u.,' rns,'vul ving rrulll l'it lll'r ;,I,ll1'rllll",1illl '
depresslou 01';11,'1' wnve t ra in r"nrll'd loy sll1Jni t it"al l,i,li,l lIow m'nr a s, 'a si ll. '1'111'1'" nrt -
also lebo ra tc ry experiments which rt-prudm-cd similar Wi\V,'r"r mal.iulls i ll " 1,\\,,,1;,,\',·1'
lluhl SYStl' l11, I~,P;, l\'li ,xwort ll,Y [1!'7!l), I\ ()()[l &-Huth-r [I!'HI], S"g' II'.t" 11;"1Il1l;...k 1 1~ 1,'i~ I .
La Violetto rI ai, [HlHO], 1i sc lIs.'It~, 1 p huttl l;f/lph s luk"11 OV1'1"tilt' ( l,,< ..,~, ,s Hauk (rulll tI" ,
ILS. span' ShllUI"H,w hid . d1'arly revvnl tl,,' slldi WI' siAlIiltur l'" "rilll"Tllill way,' I'n,.[«'t"
p t"opag at illg aw ay fru m tilt' bank \"lgI' .
At t he sam!' t ilill'. theoretical illVI'stiAatiolis of I( ;\Vs hnvr- ],1'1'11 t'lU"r il'f! 0111.
wi th various rO(:IISI'S . III t Ill' rrall ll'wo rk ur weakl y 1I01l Iill"I.r shallow wl,t! 'r U"'l I'y,
Benney [1966). Lee & Be-ardsley [l!J71]. IJnu [1!J7!"I] , 1\ lIbull' [1!J7K] d, 'riv"d ucnliu-
ear theoret ica l modelsfor lOW cvolntlon ill st rit l il ic~ 1 illili/or slll' ilrI,,1 lluid or shl.l ·
low, finite ami ill lini t" depths , respcrtlvr-ly. T llt'sl' 1, 1j(~J r i,'s sa y tll<,t t il" (,Y"llIti"ll ur
wea kly nonlinea r IG Ws :s ~Ilvern l 'l l I,y l'II" " t io IiS of J{dV t.YI'" (I(dV s l.aw ls ril l' l ll"
l<urll ·WI·,i!;.dl ~ Vl' i (~~ ('(jll1t iOIl), ill which the associa ted nonliuoa riry and disp ersion ar e
totally d ('knllilll ~1 hy th« cnvl ronmcnral equllihrium stale . Lee &, Bea rdsley (1974)
1.l'a i"sl ,I.sl'l'Vl',1ill M ' lSSi\I:!lllssdls Hay. Maxwort hy (1979], F'anl1t1r& Sm ith (19S0] an d
Il il,iyl' [ImW] illYl'st igatl'd th(~ gl'IU' rati un me chanism of int er na l wave t rains through
1.illill- tol'o gral'hk iuteructlou . 1<001' & Butler (1!J81], Scgur & Hamma ck [1982], and
CUlllmi ns & Ld ilulld (HJ8tll k sle d 1I 1(~ runge of valillil y of th e KdV, Benjamin -Ono
nnrl J<lIlml.a solita ry solutions against exper ime nts and observations of internal sol i-
tl lry WilVl~S , forusiug O il 1I1l~ wave shepo and amplitudl'. wavelcnglh sca ling relat ion-
sh ip. TIII'Y foulltl th llt llw KdV theory has il la rger ra ngl" of validity t han t he theory
lI1 i~l l t impl y; in plu'lkill ar , it is not st rictly limited to shallow water . Liu r:I al. [1 985)
IIllulilll'd Kubo ta's model by incorpor ating spr ead ing and dissipa tion ,"lfeds into lilt'
1ll,,,ld , th us f"rm lll'l1.,'d t.1 1I1 evolu tion of t he int e rn al par kl,ts ob served ill Sulu SI·a.
TI m compnrison shows th at LIll' simulat ed propa gation speed of ti le front , t he number
uf su litoliJol , t ln-ir nmplitu dr-s andIl'Ilgt hs are in good qualitati ve agreement wit h the
datu.
Ih pointed ou t hy Ost rovsky & Stcp anyaut s [HJ~9l , a thorough th eoretica l de-
sr-r- ipf.inn or IGW evolu tion prorx'ssra ill rea l oceans is it rath er diffie.ult problem . The
1\ IIV-t,}'11I' tlll'uril'S IISi'l1 nrc two dimen siona l and include only fil'liL or puslliLly s(...~-
end order nouliuoar ,IIHI displ 'rsi\'l' l'Ir~,t' ll' (aud pOl'l'ihly par'lI1l1'l.t·ri;((·tlnllliali'lI\ a nd
alred"-ll hy many hYllrOllynmninll rnd(Jr"~ , s llch as L III~ \"llri~l li (ln s Hr sln-nr , .~ I,ral.i lj,.a ­
li on, topography, radiation , hllUol1l!I'Ild y tli sl<il'at,ioll, I.ith·, "ll', It. il< all«' ,lim"lIlt 1.0
follow the spnCt'· t inw evolution or a WiLVl' rur l'u 'llJli lril<lJllwil li l lwHl'il'S. TI, il<m ilk'>l<
p;uod quantitati ve co mparison s dilflcult. Thus , lilt' nl11lpill'iSUIlS MI' uuly tilla lit.aliv, ·.
Alt ho ug h it is possible now ttl uh ta in a gl' lll'ral p~ LU.t · rI1 of proPllJ.(~I t.i n,l!; IUW s rnJl Il
ail'e rnft and satd lites, rcliahk-Sil1111llanl'llllS hytlrolup;iral dlll,a uru :<l.ill r1Ir,'ly avai l~Lh l t·
for the Formulation of thccrotir-almodels. All of t.h t~sl · prt'St'lll SiJ.(lIilkiUlt. oh s L;,,-lt'S lu
rho unders tandin g or t.he nature or tlhst'rvt~ll 1C:\V motions.
N llllWrit~ll1 modelling of lew t·vo lnt.iull ill all it l. ·nli~.t·d lIt" ( ';UI l"ll1lld I,,· a pH'-
liminury sol u tion of t ho pruhll·l11 . By tuklug into t"I!II l'i .lt~ rnt.ill ll imp ort.ant fa d " rs "II"
by one , their roles ill IG \V evolution t-au he Ill't.l('f lllldc'rst.ourl. 1\ ndinhh-mu tll·1n l.ll
h,.. used to quantitatively ve ri fy tilt ' md st ing Uwo ril's which a1'l' usually d,'fivl'tl 1111·
dcr idealized conditions. In cout rust, Iield 1I1t ~aS ll r' ~1ll1 ·nt.s al"l' !.1·1I1porlilly 1I1" spatially
sparse and ilrrl,:ded hy ~1 number ur physical pror .l'SSI'S. lI t ' " e:t ~ , tln-y Mt' lIuly n.~,·flll
for qualitative r-omparlsons. T lwrl 'am also SOIIl' aclvall la~I 'S or lJ lllm 'ri c~al rrllltlt~ l lillA
over la boratory exp er iment s fo r t.llt~ (~IL~t 'S t:(Jllsi dl'r( ~,1 h,'n ,:. Fur ( ~X1U llpl( ~. II. nllnll~r il~ill
model can he run in an lnv lscidmcd« u r at lilrW', n·albt it: l u ~yn" l tb 11I1I1I1,,·r:<. It ;,Isu
a llllw.~ ~n'att 'r cout rcl of the phys ical precesses t hat can influence t he wave evolut ion,
aUtI ca ll i lll :(jrpomt( ~ 1I1 0 rt~ rt'a list ir background ccndltlons. In ad dition, n l:Olll lllett'
da ta sd nUl he obl,ai,u,t!.
I II t his t llO'sis work , WI"! investigate thn uonliucar evolut ion of an isopynn al de-
Ilrt'Ssioli. Tile depn 'Ssi'm steepens because of non lineari ty and t hen evolves into nil
1Jr lf l ll l iLrlllln ~ tln'cugh d i sl)ersiv(~ ellec ts . T his process is sim ulated with it fully non -
linear primitive equutiou mode l (Lamb (1993 a, b]) which solves the iuviscid , incom-
prt'Ssihlt , lIo11ssiue s(1 t~(I "I~tiolls. The Kd V and m l\ dV equations appropriate 1,0tl l{'S('
('fl" id,ions are then derived following Benney [19(j{j]and Lee &. Beardsley [19741. T he
evolu tion prcdic u-d hy tilt" Kd V aml m l\ dV equations is the n comp ared with till'
evoluf iun ~ i Vt'n by tlll~ Fully nOlll in ('I~r prim itiv e eq uatio n model. Any differen ces ill
1,11l' evolut.iuna enu only lit· tim' to t h (~ npproxim at jons made in der iving t he Kd V
ll1ltI1l11\( IV ('(Illa tion s, to 11Iullt'rical err-or in mnncrlcally solving the [( <IV and m!(dV
equat hms, urto 1111llwrkal error- i ll the m odel. T he numerical errors uan be reduced by
sll rrid(' l1lly higl l resolution. T Ill' theo ret ical evolut ions are compared with the model
rosnlts for sovr-ral hyd rological backgrounds and wave muplitudes, am! also for a case
with rot auo u luchnh-d. In un ler lo S(~·the improvementmade by mK dV , compa risons
hd \\'I'f'11 lh(' 1l1tJ(1t'1and tht' first- order 1<<lV theory arc also give n.
In uhuptr-r 2, the 11l1nwrin(1 model used is briefly int roduc ed , aud t he n th (~
do main geometry 111111 tlu- hydru l{)gil'ill r-nvirouun-nt, in which tln- mudd is 1'1111 IIl1d
rho theory is dt'riVt'd, aft' given. In d ',lptl'r :I, alter a hrid n-vh-w of lOll,!!; \\'ill't '
t heories, WI~ give n tldnilt'!1 dcrivaf.iou orti lt' 1l,[' c!V !'tlllal,i"", IU,I!;l't.lwr wit ll 1,111'
to solve til t, l\d V ;\lltl ml\lIV 1"1l l1 lltilll1.~ is ,11'Sl'rll,,'c!. '1'1". 1.I1l ~ lry is "'lI11l'ill"',[ wit h
lhe model ill cha pter <I, , 1 , l o ll~ wit h in-situ mill p;!'I1l'ral , l i s' ~ ll ssi l! lI s . 'I'ln- 1''' 1l'' l ll.~illlls
ar t' in Cha pl(' l' .'i .
Chapter 2
Numerical Simulation
In lhis {"hapll'" WI' briclly int roduce t ile uuut cricalmodel which has been used ill L1 lb
sl lllly t ll simlila te' I C:W.~. Wl'ak ly nonlinea r t hcoret.icul results will be compared to
ll w fully nonlinear Tt'sults obtained wit h t his mode l. T his model was de vdoped hy
Kr-vlu Lamb[Umaa.h]and will be referred to liS IGWsim in t his thesis (standing for
lnternal Gravity Wave Simulation). The model is run within II fixed physical domuiu
and (ur Ilirfl'Tt' l1l background llt al~. Some of the results will he given laler in this
rhOlVl l'r l~~ oxampk-s.
2.1 The Numerical Model
IG\V si m 801v(';Ithe-t im e dependent, iuvisr -id, illn '1I1p rt's si h l, ' lltlllssilws' l 1" llli l l.io ll S
01+ (0 .9)0 -~II- P!i, (:!. I)
PI +O.9p 0, (:!.:!)
v ·1i = O. (1.:1)
Her e ais the veloc ity vector with horizont al ami \'t'r t in d nomr", w'u!.11 (u,m). (.r,;:;)
are the corresponding ro ol"d illa Lt'S with ;:; l1I" nsllrl,,1 l'0si1.j \/l' 11 1'1'0';11'.1 111111 (7 is tln-
gradient operator (iJ/fh, iJID::). TIll' Iluld densi ty is ~ i Vl' lI by (III( J +p) il w l/llI(!!: +11)
the Boussine sq appmxi1llatioll r,'rnuv{'s til,' rl,dul' or I + p 'J11 t Ill' ldt si, I,· of (<!. I).
given topograp hy and above hY '1 rigi,l lid as shown ill llgum :!. 1. At t l ,. ~ 1l 1 111,~ r iUll l
lower bounda ries iuv lscld hOlllltlary condl tlens [no lIurnm l lluw) arl' II s( .. I. TII I ~ now
is forced by speci fy ing 0, at 1I1(~ left beuudnry, All outflow IHlllllda ry "IJlldi li ulI is
specified at the right boundary ( ~l ~ ~ Bdl k Marcus [1!J!l21, Lamb [1!1!I:1a,b)),
'L
x
Figlln, 2.1: TIll'sketc h or physical dom aln.
j l ·t~l i (JlI method tlevdo petl by Bd l rI af. [1989 11,1,] and Bell & Milfl'llS IID9::!]. TIlt'
l lll'u ry of 1.I1l' un-tho.l is 111ln('(1on the follo wing:
i. H o dge d eco m p osi t.io n : A llYvector £ii'llI II call Ill' decomposed intoa d ivl' rp;Plln1
frPI ' l' tl l1l PUIII 'III, ;\11<1 a p;ratli"llt part, i.o.
(2.4)
wln-n- \7. (id :::: 0 and 'P is a sCHI,~r field. This decomposition is unique given appro-
Itria!.!· Imlillthll'y romlitions for \i .
'
[e.g. , Vo( .Ii =0).
By n,wril.ing til(' momentum equation (2.1) as
0,+ 'Qp=V ;::;; -( 0 .'(7 )0- pg, (2.5J
our- s,...,:! thnt , wlth slIit a hlt' bouudury cond itions 1111I1 bCCllU1<C of equa tion (2.:J , titis
ccr rcspoudiug gradit'liLpart ,
ii. O rtho gonality : For nny \'('('lur P ,111(1 sn dilr <.p , WI'11<1\'1'
where 11 ls tho eompututi onn l dUlllain, iJII ils hlllllillilry tun] f is ti lt' (·j,'l1WU1.1"lIl-:ll
of the bonndur y, I II pa rt ic u la r, fur 11 c1 i Vt' rp;( · I It'I ,. fn ~ , ii o/ , WI' !Jav,·
llll~ domai n .
bo undar y condition is sub tr acted from lh,' mouu-utum 1" I"a1.iuI I, (1 .!i) rl'dll<"t'S I,ll
where 0/ = Or - OrBhas zero Dirid rld Imlll l,lary nUl<lit iOll. A"...m li ll ~ tu ti ll' al ", vI' ,
ill is orthogonal lo V",
iii . Pr oje cti on : The prcjcctlon is (ldim'l! I,y s[lI'dfy i llp; it ha ~i s "f diVl·rW'IJI:I,· fn·(·
vectors iii" with zero Dirichlct boundary, Then l~ " is or l lrllWllIal to V,I. I'ru m (:l.K)
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11'" hl'V!'
''Ullrlil,iutis fur 1I11' P I'l 'S,~ lI rl' ure not rr'flllil'l·d ill solving this problem.
(1. JO)
SIlI,sl,itu l.ill,l!; int .. (1.!1) p;iws a lil11'lIl' SyS1.I·1l1 with ~, ' ·(lllilt.iolls and I.' unknown (l' ,S,
i.e.,
with II p,.. iu,l!; Inun I l,u L TllPr(oforr', (u r illl)' known VI, IVI'nl11tlptl" l'lllilU'llw (IN,' sHnd
rllnsl,(!'lr'lIlly tln- Ili\'('r,l!;I 'lU'l' (tH' l'( 111 )JUII' IlLti/. This is what Ilw SQ rnlh-d projor-rlon
Ld . " rl"lw1c'this I'l"Uj(·"t ilJllOpl'l'1lt.ilJ1L, T Ill' 1I 'I' P ('XlJl'(SS t ill' llwjl'dilJ!I as
(2.12)
OUl' iutcrlor di\'t'rp;I'lIr''' frr'(· velocity flckl 0/ is ulJtailll'(l h)' Pl"Ojt'(~lill~ Ol -lir.
II
lu tlu- follu\\"inp;, il ],1" il'f nl'p1"\"il'\\' "r I,ll<'mdhud is .l!;in·n. Ollt ' slllluld nllls llh
the above mcutlcued papPI's fur mol'!' ,It,tails ,
2 .1.1 Gl'id scheme
t he' mos t natural sdtilll; f01" 1I11'h'HlC llin!l:ef I,ht, n ml" 't,til'C' u-nus in t i lt' s,l'sl"Ill,
tl'fl nne! 9" il1"" tl.'lilwd at t ill' \'{'t't u l'/o\ri,1 I'" inh 1I'11it'11 in<'llld,·t lll' illl,'ri" r
vector grid points !ot'lIl"d at ""lI n 'lIl re's mu l lli,' IItJlllltlar,\, \'{','lor 1!:1' id lu,inl,s ut. Iln-
midpoin ts of cell l'(Ip;(':I Iyill,!!; ,clO1l1; tIll' hounduries. '1'111' lutu-r IItt' liS t '", I,ll spl't 'ify
boundary coudirions . 'I'll(' srnlnr p;ritl puillts ,II'" 10calc',1al. "..II C'tJrllt'I'S 1I'11t'1'" s,',)I"r
Ik-lds(Sill'll liS 9 ' tl and t llC' \ " dd ill"d lat" r ) MI' ddi ,Il"1. '1'111' "X'·"l'l. itJlI to t.Ilis is "
whirll is p;i\'l'lI at l lw Vc'l'lt!r p;ricl p<lillls ,
2 .1.2 Transformation
domain ill (;r,::) Sp,I('" i.~ IllilP]Jc,d 0111.0 il rc ·'~1.a llp;ll la1" 1'll1lllJlll.atilHl'l1 rluruniu ill (~, ll)
fip" t'" I'll) thnt uny p;i\'l'lI IIIHHlrilal l'ra[ p;l'i,1 I'dl ill (x ,::) lW" ollll's «uult squan- 1'1,11 in







,wL -, . i"-
x.u \
<> lnlel lor vec lor gr ld polnls
\"• boundary vector grId polnl !ll• IcalargrId polntll
Figll1'l' 2,2; G rid sehr-nu- wit h quadrilatera l gr id ce lls in (x , z ) spare.
C.I', z) uud ,Itl the-cak-ulatlou in t ill' slime way 011 the Hllit squaw gr id m esh ill (!, I/).
Thi s is ,1,,"1' hy it Cl>Urdillilll' t ransformation
X(( ,'/ ),




From (2. 1:1) illld (2. 1-1) \\"(· ha\·l·
(~ "' )=:7 ( ,. -") =5.~ , 'I< - ,1'" ,1'(
whc'w 7' i ~ tll'll llc..1 as
T = (~:, -~. ) .






ii, + }(l/ .v)ii -VI' - P!f,
f',+J,J.v,. 0,
v .pi 0,
w!n'fl' V E(iJ/ iJ(, iJ/ihl);\I111
{j = '1'ii .
1:J..1U)
Iln OSSlIfC gr mli l' lIl is n."(~11'l.1 in lht~ (Jc]r:lllalio ll.
Only tl w l'lIurllilllll l'S ur the dual grill in (x , z) space need to he provided. The
1~l' ll ro]Jrill l, I ' di rrl ~rt'l lfl "~ uf t Ill' dunl grill l~ullf( l i l1 a L('s urt' used 1,0 evaluate t he clements
" r 1.II"T I1I1,lrixllll .ltlu'.e;rilll' " inlrllor.lilllLlCsor«(,I/) . T hill cllsllf('l;thlLt ll )('ll wt hod
IIn's"r Vl'S It unifnrtu flow ( Sl 'f ' Hi'll rI d . [i !)89b]).
2.1.3 N ume rical Al gor ithm
T" s"l l/" t. llt ~ llhoVI ~ SYllt"I1I, III" rewrit e Lhe'momen tum {'<illation (2.20) in t he' 111'1'0111 -
positlon form lili in (:.J. .."i):
wlll'rt'
AITlltding 1.0till' theory, (:.J..:.J.!'I) means that the uon-dlvc rgeuce- Iree vector V-
or is ch-composr-dhy UIl' prujt' d ion into II divergen ce-free component 01 - OtJ which
has 1.l'ro J)irid lld bounda ry rondltlou , and it scalar gra di"ll t part VI', T he desired
uptla1.ing l'l'll/dty lil·ld is 1Ill'1I rr-oovcred hy adding bar k the bound ary field li lH . T he
urlhog<>1 11l1 propvrf.y or tI ... projcct lon P elim inates the pressure entlrcly from tile
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sys tem, and the cquntlons <t l' i I\ L t'~ralt', 1 ilS II wh...il.,V nvoluf.iuu s,I'SI"lll withi n IIIl'
sp ace of a d iwrgellc ,·· fn'l' V('!'lur fh-ld. This t,h''Ill1'l,inlll.l' ,'xpl .,i ll,' wIlY II" !lmll ltla!')'
cond iti on is 1I('I,t1t'd fur t.1ll' p tC'l!su rl' .
Dlrecr ly dis r.tdi:-.ing (2. 2!i) II S i ll~ 'l soroud-onk-r d i lf, ' n 'l lt'in~ b l'o"...i1,lc'. lollt. li lt'
l'f'l'llllti llg linear ays tcru is po or ly roudl thun-d (:<1'1' Ilc'lI d nl. [HJ:\!)IJ, ' l' lwn-ful'l', t ill'
following il.pproa ch is nsod Lu tn'al till' nnnlim-ar fOIlVt'l'l ivI' b 'n lls,
111 order t il have a s.,J ll'Il11' whk-h is s"" ond·tln l"r in li llll' WI' di"ITt'Lhl' (:! ,:!r,)
llsing U cent ered LillII' Ililfc·rt' IWillP;, TIlt' uouliuear t '(> II \'t ' t ' li vl ~ 1,1' I'I1 IS at tl w hillf HuH'
stop 11+t an~ caku lat.t'tlll sili g ill! explir-it sl't~lm ,I·(J1't I ., r etll lll lltlV prot'l't lnn ' fa lIl lH ] '
Hied Pil'cewis(' Pa rabolic Mt' Lhud) dl 'scril ll't! by lit'l l " / Ill, [1!IK!I Il], Vuluesilt Lln-
midpoints of tho r ell ed p;t~ at t!lt· llllir thno k-vol 11'1'I'Vahliltt'tl hy 'I';'yl" r C'Xllil.lISiuliS
or lhe know n values ilt tlw cell rt ~ll trt 'S at t.im t' II. Th« l.il!1I' '!c't iva li vl' s IIp l' .." ri n~
ill t he Tayl or expansions are then di lll ill,ttet l by Ilsin g tlu- gowrlli llg ('IIUitl,iu lI, th us
ti me laggl'l l prc ~~Slltc gru dif'lIh ilrt~ int nl1ll1n'd IIl~I1 ' ( t his is tl ll ~ only pl1ll'\' wln-n-till'
pr essur e gr iltlimlt is ll sl~,I). TWf! kinds of xpa fiu l ,It"'ivilt iw s ilPlll 'Hr ill tlU'l'I'lillll ing
expressions: normal a.ml t ransverse t1 1' ri v;~tivl ~S (with l'l'S J)(,d to l lll' n ,11 1"I.l:c·s ). TJ,,'
normal de riva tives arc evaluated II si ll~ mouutonieity-Hnriu-d t'l' lIl ral diJf('n 'lI n',~ which
p re ve nt introducing IW \V max ima or mi nima ililu tIll' How licld, w hil t ~ 1I1\' t r;l llSVt' rSf~
de riv a tiv es are cwdlla tet! via a modiliod Ililwiutl Sd Wllll'. For ..;wl! "I'll " II/.('· L1l1'rt ~ MI'
lfj
two .,d l ! ~! ~ ll t fl 's to !'xt rapulat!' from. TII ~ llj)propriaw choice is the cell cent re upwind
t r,i.~ prun'dll rn is shown lwluw fur t im term [0, V lI)u+i (the tr ans fonu att on is dropp ed
11" ro', sill!'!' it introduces only roelliciouf.sand makes no difference 10t he algorithm, It
sluml.1also Ill' nutI'd that ri"+i , which is the ext rapolat ion from the divergence-free
vd l).:il.y fid .l ' lt t illll' II and involves lagged pressure, is not d i vl' rgl'll ~e- frce),
(Ii 'VII ) "+ ~
4 ( u:~tJ +u:':L>lI~l.j:;r.U;':!J+4(u,;::1!+ III;~:! ) 1I:~}~~Z":;-\2' :l(i )
Not., I,hut l.l l ( ~ !'!'ntf/' d .lifferellring lls,'d here indicates the second order accuracy in
sparl ',
EXlrapulati ng From ti::j (Rl.,(' flguro 2,3) gives four mid-edged, half tim e val-
ill 'S for 1'1I1'h 0:;;, which an, denoted by L, n,B ,T (for left, right , botto m and top,
ro'sl' !'rli Vt'ly ), Fur illsta llt'(' , ext rapolat ing from the lefl, ll;:!jLis given by
III; +~1I~,;j + TIt;:;j
IIi;+7"~,ij +-¥(-It ij t': ,;j - w;j tl ~,ij - II;,:} )
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TIl(' governing equat ion for II hils 1 J{'(~ 11 used to l'1i11lhHlt" Llu- Lilllt' IIt'rivOiLiw. T his
int roduc es t he i.inw laggrd pressure gl'1uli"lll.
rrcatod in dilfcrcut ways as mcnt.loucd bofon-. D"tails willnut Ill' giVl'1IILI' I'l' , 1tc-lld,'l's
should re fer 1.0 HI'II r l aI , 11!1~fJ a, hl, Tho pur pnse of illl' 1.rt'lll llH'lll!<is ttl preve-nt
int roducing spurious oscillations til' iustahllities, evr-n fur , l i sn Jll l ili IlUl I .~ data . ' r llt,
norma l tll'l'ivai iws involve cl'nlml llirf,'rt'lwillg, which1l!;iliu It',lIls lu lilt, St~'U1 l t l tJ1'l[t'r
accurucyin span ',
ext rapolated mid-edge values hy il ll ~ following:
lI:~t:t ~ 0 all,1 ll::tt;,+1I::l:t 2:II





1 { w~:lf + rJ!:~lr)
if 1I:~t > 1l
if 1<~ttJ < 0
if n:~ttJ=1l
( l .:.!! )
" ' /:1.l .. I r..~







.. ,n.l .. 1/:1.~
U " 1/:IJ U ;" 'i:lJ 0 t ;"' .Il
Fip;nrl' 2.:J:
I. t!l' IIUL!'Ht l l t ~ l ~x trnpol/ll;ol1 of (Ilii .vi) to the Id t s lde or edge (i + t ,j) ;
B ,It' lllIh 'Htill' ext rupolnt.ion of (ll i~' ,"1i) to th e right side or Ntg!." (i - t, j );
IItl "ll ol ('l' t il\!ext.rupolntlo n of (1l :~ ,"1i) tc th e bottom side of edge (i ,j + t) ;
T ,J,'l1n lc'lI 1I11' c'xt r;lpo!llt ioll of (1I1j,1!;j) 10 tile top sidt, or f'dge (i , j -!).
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t rarer. If lI ;~t.j > 0, w::lJ is unl)' alf,'r ll'd by UIUs\' vnhn-s cu lIu ' Il'fI. ~i .h' or1.11l'
edges . T hus, it is na tura l to sd it equa l to w;~f:/' whb-h is ,'xLr;!JlUlilh'd frnm 1I1l'
left side.
By the subst it ut ion of tho oluaim-d mid-,'d,l!p hnlf-tlnu- vaILit's i1l1.H(1 .:W ), Lilt'
si mil ar mnnncr.
The velocity, density and pressure art' then 1IpdaL('11 by sulviu).( 1.l1t' fultowill).(





- J{I;. ~p)"+ ~ (<!.:lll)
I '(V"+ ~ - 0/1 ) +Or
p (..!. ({] .~{])"+~ _ p"+1 - (I" Ii_ /ill ) + /i ll (:!.:l l )J 2 . I I
(1 - f,)(v"+t - or). (2.:12)
Sin ce cen t red tim e dilf('rc llcing is used , ti ll' sdlt'lIll' is ills" st'," JIld urtll'l"HlTIlI·i\l.. in
t ime . Th e flow field lnflueuccs t he dl!lIsily flekt t hrllll).(h lulwditl ll . unrl t il,' i ll flm'n",',l
tll't1sity field fl'Cds back into lll.. vd ucity field. Thi s f"OllpJi ll).( is rd b :1.I'11 in (l. :Ul)
ami (2.:11). Sillw t he hydrost atic upprox jural.iun hll." !lot 101 '('11 rlHtlJ", 1Ill' I'rI'SSllrt' is
affected by bo th t he velocity and densit y il S (~Xp rt ~sS( 'd in (:!.:tl) .
The projection is 1.11f'1I discrt'l izl'd, whid l luvolv us solv ill).( II lim 'al' (!flllatiwi
system Ior 1I11' IT".'s ,1'ifiru',1 ill (2. [ I). TIll' asso dall,d Il1lsis of dlscretiz cd dive rgence-
where It ~0l'S Irom [ to 1(.1- 1),:,<" is th, ~ basis or dis erctlzed scalar fields with ze ro
Dirh.hlel. IIulintiary, which hl~~ a const ant value on 0111' scalar point indexed by 11 and
'I'hus, lIw disr.rdizt'll prcj cctlo u can be rewritten as
l'iJ= .'i ,
wlu-re I' is UlI' pro jection mat rix given hy 1'",,, = (,pll' , ,pll)", if represents l (.l - I)
111lk nUIVIIS , 1I1111 Ris (,pOl ,V,,+t - Ot')", (Ikatlers should r('rer to Bell rl al. [1989 a,h ]
I' is a posif.i ve, symmetrir- matrix which is block teidiagoual. (2.34) is solved
ll.~il\~ 11 st all ' [iu't! hlm' k tridi agonel solver (C olub & Van Loan (19H91l. Note t hat the
[' mat rix is fixl,t1 once enlculat ed, siuecthe basi s vectors arc Independent or time.
T Ill' lly stl'm is 1I11{[lI.t ('d hy (2.30) 10 (2 ,32) , For t he explicit Goduuo v scheme
IIsl',I, allnear cunstuut-coelliciont analysis shows that fer stability, the time ste p must
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satisfy a CFt ro nditlon [Courunt-Ftiedrichs-Lewy eondulon}, i.e-.
where ,~ is it safety fact or takon 11~ O,."i . TI Il~ li1.ilflll·SS or Ull' ,I1;l"'lvil,nl,iolllll fon'inp;1,"1'111
require s a morn resrrlc rive time step, III pr111 't in ', lor uur uonlim-ar 1110d,·1 ,./I i ,~ tnkx-u
considerably sma ller t han the V11hll' given hy till' sl,mel lln i CFL ,'s li ma1.I'.
2 .2 D omain geometry a n d b a ckgro und state
2.2 .1 Domain geometry
The two dime usloual physk ill domain, ,llI shown ill lip;ll"l' 1.1. is ,'ulllin,·,I I,y il l'ip;iol
up per boundary at :: = /I and 1.han k I'd,!?;, · topup;raphy at :: = h{:r). 'I'lu- l.auk " ,lA"
i:t shuulated by It hyperbolic flludion p;iv,'lI by
(1.:l/i)
where (II is half t he he ight of 11w hank top, at is a slupI' parll11 w1.I'I· alll i fl:1is lilt' "" IlLI'I'
of the bank I·dge. ::~ is llil' Il<'iglit ahuv'l which t ill ' Iluld is sip;lIilif'lll11. ly ,~lrnlili, ,, I,
For Sll('11 a system, U1(~ nm lm lling I lltrll1rwkr,~ I,.n~ 1 11 1~ gl'lIllll'l ril' l"1l1il' fl l l " .
rho bank slope (It, am i the rlyuamlea l pllrill111't" 1" r: = 1I ,1J/ fl 1 (0 is 11ll'S'IIHrrt· uf 1.111'
; nVl ~r~c~ Fnmdl ~ number for SGW~. It liM no diroct rolevanco to supc rcrlt. ieality or
suhcl'i tkalityof lOW s), which wllluppnar in t he non-dimcnsioua l equerion system
(~l"'~ d mlllt' r a), wher e lJ is ti lt' velocity sealo. Fe r fixed ra tios and d itTen' lIt U lind 11,
if (f is tlw sault', Un' flow pattnru will btl li lt' S1U1W bu t on II. different t ime sca le,
III our runs, tlw gt"Jl1lcl ric pnrumetcrs thems elves are usuall y fixed as H =
:lOUm , [. = HO lull, z~ = :l60m, III = ~20rn, fl 1 = 0.000375 and Q;) = 0.25 .. L. The
only parumeter con trolling tho flow is t he dynamical a, which depe nds 011 U only
(Ili nn~ If i.~ Hxcd}. Therefore, ditTcf('nl U will result in different flow pat te rns .
Ou r pri mar y purpcae ill ~p l·t~i rying a bank geometry is to genurate au initial wave
throug h 1I0w-topo~r<q)hy iutornctlon. T her efore, when the bank can not produce a
tlt'sin,1I init inl WUVl~, we will lise a flal bottom an d arti ficially spec iry an init ial WIWt1.
2.2.2 Background st ate
T wo killt[s or cll' lIsity pro lif.,s ar t' used i ll t he presen t stu dy. POl' convonieucc, ins tead
or $!;ivi ll!!: t ilt' dl'llsity profiles , we prt~I' l1L below t he assoc ia ted slratificat ions defined
by
N'(z) = - p,g. (2.37)
The first ls given by 1~ hypcrholir- fUlld iull <If1.1u· Iorm
where 1/ is 1\ slope paranu-tcr uud Nl~ is t Ilt' cliaral'tl'ristir \'Hllil' o f lllt' slwl,ilit"lt.ioll
which is set to 0.002/.~:l . :~ is tlw Ill'ip;htuhove whn-htill' Iluhl is t<i,l( ui lin lllt.ly st.-,ll.ilil·t!.
Whl>n q --+ 00, Nl(:) lLJlIHOitdws it stcpwbn- fundi"ll . Fip;IIw 2..l (<t,) sl" ,\\·,; Nf( : )
with a ~ lII lLlI If = 0.007 uml a, l,lIW' '1 :0 10. T1It· llIUlI.,1 it< r-au f"r 1" ,1.11 '/ I'll h ll'.~ . Tilt·
1Il0l1l'-OllP' harod ink ph,ISI' sp,,,·,] ilsSt >l~;at,'. 1 with N f(:) is ;,Io"ul , '.!. .rltll /s f"r 1" ,UI 'I
va lues , while t he mode-two spl ..~d is 11lm nL n.!l.'lm/ s.
Secondly,we consider a Ill~ n t<i ly sLralili mli llll of L111' fo rm
{
O.OO;H :;- 11+ 10 1I.!I(: -I/+XIl}
!1 ----:ifi'·X I --:1.'l- -;-ri + 1 < _ :':~~~lI )' ll
+0,0' (, - /I +~OO ) }II + l:-':u";,IKll' r ' ('.!. .:J!l)
whic h is shown in figllTl~ 2.'1 (h). TI ll' mOlII',ull(' ],'ITod ilik "h llsc' spl'l'll i1 .~stld l, t t't l
with Ni(: ) is a bout I mis, nnd lIw modc·-tw u ph,~..r-sl'c'C'c1 is ,,1">lIt ll..'l ill/s.
T hese lwo sLral ificatiOlI prulilc·s al' ]Jruxilllat,· O],SC'I'I'I',J .1'·l1sit.y p.-uril,·s fill UIt·
Seot lan SluM ( N l ( z) wit h sm all q) aml at thr- ''lIW' of <:t 'orw~ Hank (Nf(::J) wln-n-
LodC1T d 1/1.(19921 11.", 1 La Vi()ld l.~ rl nt. (l!J!IO]).
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Fi,l\II1"t, ~ ."1 : T Ilt' dl'II,.Hoys1.rilt ilic/ll,iuIIS used. (n), St,'pWiSt, Hil t! smooth Nl(:: ). ti ll'
\";,1II\'s ..f 'l arr- iudicat e'II Il,\' k.·ys. [h] . N] (::) .
Bt'lii,lt'li Iht·tlt ·lIsity sltll lifkil lin lls.l l1t'lIui,llI n 'tls I II lu- driven from I"<",t lit ' tl1111
IG\V" r nu h,' r;('1I1'ra lNI tlLmllJ!;h III., illl"n" 'l i" " 1,,·1\·'...·11 lilt' [low i1Iul l" I''' ,I!;fi11,1,.I'.
T his is /U'lIit'\,I'tl ll)' i lli lin ]i i\i ll~ till' mo.h-l wh.h11 unlronn l'iJ!;h lll'i1nl Ih,l\' 1/ in 1111'
shallow IInl n-giun . TIll' 1'11I]llil ll,I,· or ti ll' ,I!;' ·I11'r' It!·.1 IUW" ,lqll 'l1Ils uu 1/ ,,,,,I L]u-
hank ~ I()p{' g jvcn hy " l ' {lll ...r ~1''' lIld ri,' l' i1tiltlwlt·1'll im' I"' \'('r dlil n~....1.
T Ill' l ll<'o ry ll.. riv,'t! in 1111' III'x l d lil]ll<·t is .....'>;I·lIl i" lly fut l( a Vs wilh slIIill; I..
1Il001,·ra l ' · llllll'l il l1l1... W,· wanl l.. k" uw IIUW f/lt l IM'l lll...ry n l1llo.· .·xLo·l"l,'t! fOlr n a vs
wit h la t~l·t iu u plitll .lt·. TllC'rdufI', l ilt' 11111. 11·1is rlln fur lion...· .Iilfl·n 'nl n \VIIii'll '.m.] .....·
Slll111l. m'HI,·rllll·i11111 1i1tp"· U;W,,. Sl','t,ilir'ully, II i" l...ll" 1l.·1t7 I11j". 1l$ l:I Il,j,, " ", I
n.flfl!imj s, aml till' fl J1Tl'Slll lI"li llP; runs will i", n 'fl'rrt,. I I,ll i1S 1,]11' \\",,,1.: , 1I1",I.·r 1l1.l' a l"]
st rong fon'inp;l'ilSl'S, tl'SI,,·,'li vo- ly,
2 .2.3 Running s t ra tegy
In onh ,t to uhlai " tILl' d.'Sin'tl Ilow l'all<·tI1s in till' fix' '11 ,!ulrli,ill wilili ll a "Iw.-ili,'t l
t'VOllll itlll li n.... !<IJlII" I'afal1l1'l....1< SO lO·" i1S llll' 1>iI,-k" n" ,," ! v"ltol·jly If . II,,' l' i1l1k "IOIH'
Ill . ,l l'l "(·lt · t ill jUII liulI', "ll". " It \' ( · til IH' it.llj ll ~ tt 'll.
Wlu-n ii j ~ latp;l', lh ,' lIt/w Ull t il l' lUI ' !If 1.111'Imuk llI i~111. 11l''''>l llf ' '~ " f " , ,.. 'ti l. i t'l".
t',Ip;I~ . S' lf ll 11.situatioll will e 1l.11SI~ st rong oVI,rl uflii ng whieh results ill large drops ill
l lw tl un- sl.t·JI aw l IIllilll ittd y in large 1Ill1llCrit nl errors , To avoid tI lis, we dl~r,dt~mlt·
1.11<' IIl1i<lllflt'r l Ilt' lO Ws nn~ l;elll~ rl\tt', 1 and lli e wnve fro llt has become tll'l ached Irom
tI", LC>I I"A r~l phy. Th is Iins 110 dfl 'd on t ill' sllhsl>qllCllt evolution of the wave front.
T Ilt' It'r1lli'm l vnlill's uf II for tho t hree forcing cases nrc listed in Tab le '1.1.
Fur li lt' slrflll~ fOI'l:ill ,t?; rilse, since t he /?:clleratcd initia l de pression lias 11 la rge
amplil.urk-,t Ill' neulinenreffect will quickly st eepen the wave front, thus result ing in
L1 1 1~ t l t ~vdoPIl ll' llt of an nndulnr horn befon' the fro nt ran Ilrop ilgillt· away from the
hank. Wha t WI' IWI '( I i,~ il smoot h lnit ialdeprrsslcn with only a mode-one wave which
i,s c1dlldu'(! from the ha nk so tlln t t h.. th eor y m il be ap plied to it and its the oretical
"v "l lItiu li t'IUI I... SI'(' 11 eh-nrly. Thi s (' lUI ],e done by using a smaller bunk slo p(~ 111'
T IIC'II 1Ill'AI·IU'rit1.l'd dt'pn 'S.sio ll will have a smoother fro nt aud prop aga te away Irom
llll·I ,;lllk lu.fun 'llt'vI'luping rlppb-s .
2.3 Running t he Model
Usually , t.lu-model is run fo r a tim e leng th of abo ut T = 16000s [app roximately four
und ha lf tla}'s) . 1.11l' uutpu t (t.Ilt' velocit y field, LIII' lll'nliity field andthe pr essure field]
is lil,un 'tl nl. un inl,t'1'\'11 1or 1 (j00.~ ami ls labeled hy output number [ to 10. Figur n 2.5-
27
2.8 are S01l1l' uf till' f1111 r('snlts with background lit.ilt.C·S iIHlirllh',j ill !.Ill"fapl ,iuTls. ,\
1111 1lf('.~s ion in isopycnuls in tIlt' ,lc't'!l nat l'c'p;ioll I'vulv,' ililu 1\U IIn,llIlar hurt, al,un1
100008 later. Note th1lt only t ill' donsity lil'lll of t ilt' uu l,plll i1< l'rt'sc'II1c',I, 1< ;11...· tlu-
theory derived later will h,' r urnp an-d with t Ill' rh-uslty1ll'l"l lll'h<l 1.io lis IIllly,
Th e cede I(lWsim was orig inally written ltl ;lIws1.i,!!;att· t il,· W1lWS P;C'lU'l'illt'd 1,.1"
tidal now across 11 hank I't.lp;c '. BI'("lIlSl' of th ;1< it W1l1< st1'1li,l!; IMu1'wanl tu !(c'IIl'ral" H
{lc'pl't'1<S;OU via t his mochaulmn. Lat,,1' 011 , for runs with tlll' sll'ilt irin ll.ioll Nil ::), il
was fount! th at it WllS hard to p;c'lIl'l·al,' all iuit.inl ,I"pr, 'SsilJu t.ha l. W<lS s!. '~· 1' " 11" 11 1-\11
to for m IlII nndular hOl'e hc fn rt~ it Idl lhc~ c~"ll1plll.llliulilll .huuuiu. T his ,lilli"ull.y Wil'
partially ,hll~ to 81rcng u\,c'rl llrlliup; at. ti ll' hank c·,I,!!;I·, 'I'ln-n-Inn-, rur till' n ilIS with
Ni(::), !.I1e initial ,]"prl'lisiuu is uul p;c 'III'ral.,',1 by How OV"l" 11 IOitllk ", I,!!;". Ins\.,·,ul, wr
simply illitill.li;w ti ll' model wit h a I1lmlc'·ollt, lin"ilr IVilVI' in a lI'd . hu ll ulil .knnuiu loy
thl' 11 1"1' of tilt' first 01"<1,1'lH'rtu rhatiou ' !l'fi v" d later .
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F ig ll rl~ 2.!i: Density contours for smoo t h N?(z) and modera te forcing. The u pper one
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Figure 2.6: Density conto urs for smoot h Nf(z) uud S t.ro ll~ rurr_iIlK. Tl lf ~ uppr-r fl ll f~ is
at outpu t'" a nd the lower is at out put !J.
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I·'igllrt' 2,7: Densi ty contou rs for N:f(::) and st rong forcing. The upp er one is at ou tput
B 1I11, I 1.lit, lower is at out put 13.
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f igure 2.8: Density cont ours for N.:(z ) iLnd sttull .!!; fu t d llP;, witl l rulnt iult i l1o:1l1, I",1.
T he uppe r one is al out put 8 and l ll., l ow, ~ r is ILl. out pllt la,
Chapter 3
Nonlinear Theory of Long
Internal Gravity Waves
3 .1 I ntro duct ion
Tltt, nonlinear tllt'ury of IGWs is all I'X1I'I1Si0I1 of the sll r ract~ gravity wave (denoted
;(1'; S( :Ws hl'I"('"fh-r) Ihcuty , III t lw dassk<tl problems ccuceming SGW s, the Iluld is
hUIlIU/-;I'lIt'Ullli and inccmpresslhlc und the motion ill takeuto be irrotatonal. 011 these
hasi.' assumptlons, two d istilld theo ries have bee n developed :
(A). All inflnitcshual amplitude theory which leads to the linearization of Euler's
1'<1l1 i1liuliS a nd results in 1i111',~r dispersive SGW s. T his theory is t he zeroth term (or
the zeroth order solutio n) in an ilSy ml>tot i,' r-xpunsion ill PUII'I'r" uf Ljn- p.' rLllr],;diull
parnmo tcr f = (11 1-1 with f1 and 1/ (!<'Ilotillj!; LIll' 1\' ,1\' " umpliuuk - ,m,l UlI' lIIuli,;1.url" ',1
dept h of till' Iluld. T I1l' theo ry WilS alsu t'xtc'ud", 1 t tl linit" a lllp lil l1t!< ' I\'a\'l',; loy !.Ill'
perturba tion method. T ilt! ba•slo idrn is L1 111 t. tIll' ! l i~llt' r un l,'r l.t'rI11S ill 1,11l','xl,allsiuli
can be regarded as cor wet io n L,' rms to t il" ;wruth onk-r lim-ur sU!lltiul1 for a "il.l1il l i ll ll
when- finite illllplit lltl" 1\'aVt'S tllTIIl" and ti ll' 1I1I1I illl'<ll"it)' ruu llu1.lll' 111'~h ,." l t ' t 1.
(B) , 1\ long-wave (01" shallow water] tlu-ory fur IV1lVt'S whk-h un- IUILJ':n lH ljlll rt' t l 1,0
the undisturbed dep th of till' fluid . Thls theo ry is Ionst',1 upou ti lt' SHlilll lU'ssuf t in'
contr olling scale parnmct er 11= IP II} w lll' l'l' IJ is t ilt' l.Ylli,..d wiIW lt' lIp;l h. 111 rlu- limit
II --t 0 tho now becom es hyd rustatir. alld l. ht~ pt'rt Hrh 'l1.iuli tl'l,w titil's an ' ;ntlt'IU'II,lt'nt
of depth , 'I'he result is a nonlinear shallowwat er ('(jll"ti tlll Syst. 'III. In this tlu-ury, it
is round t ha t all initia l distllrha ll t't~ l l'lills to 1)l' tli s1.(Jr LI ~ 1 and Im 'l,k , a Ill lt'lIlJlll t'lItlll
absent in the 1il/CM WiWP. theory.
The two theories ca n be combined. Th is !I'a tls tn uuuliuour, ,li sllt 'rsivl: waws
rOI' a hOlll OgC IJ('O IlS lluid .
It is well known, throu gh tilt' r )i tJ1l I ~' ri u~ work of }ko1.1. Illlss"JI [Pl:17, INtHl,
n, Lyieigh [18761, Stokes [HH7, IIlHOj, and J(orl l'wt,p; all.1 r!"Vri,Oj; IIN!J.'ij, t11i11 lUll,!!;
non li near SG\Vl; i ll a hOlllogl'IINJIlS shallow fluid rl ('pt ~I!,1 nut:i al1y (Ill t wo plU·;II Il, ' l. ~rs ,
,lum ina ll's ill l, l tlll~ waVI ~S t l'nd tu suepon an d br ea k, w h ile if f //I «: I, t he dis pursl vo
lolfl' d ,11IlIilJa lf'S lind t ill ! WilVl lS 111nd tH 1)(1 linear dispersive nues , Whcll fill - I t i lt,
two UI'II<I.~itf' drrds tf'lld t il cmwd l~ad i lltlll'r. In this r.a.~w II d.~~s of nnitp ampl itllde
wuve I' rufilt\Suf PI'TIlH\l Il~nL fonn can hr-oh tai llC'd, l'.g ., so lita ry o r cnoidal waves.
T ill ' ahflllf~ tlll'ori( 'S r'uu Iw l 'x ll~ll( l\'d to vertically t ra JlJwd wuvrs in slmtin(1d
.~ l ll' i Lr Hows. Ltlll,!!; [ IWIG, Em:), 1!172] lias shown th a t lOll;.:'; non linear IC:W.~ art' possible
ill a 10011l1l1l'd sl m W i('d fllI;11. BI'llj alllill [1906] fcuud th al penuaneut IG Ws a re also
)l,~si h ll' ill Hh l'l~r Hews with sl Tlttil iC'al ;oll. Henney [196fi] extended Benjamin 's work
ttl lneludr- LIII' l illll' (ll1Ilt' lldf'IIL IlTolll'rli, >s hy int roducing a two-pa rruuet er (f and II)
l'xpall sitlll Ilw l litHl. By this mdllOd , he derived the I{,IV oquatlon which P;0Il I' I"tLS t ill'
111111; ll"n l;Uf'iLr 1t: \Vll Ull ;sopyr na k 1..1'11 & Bcerdalcy (19741 furt llcr dl'v e!o)ll'(1 thi s
Ilwtl l(ul l,y ;Udllll; lIp; in t he pl'rlllrhati o n expansion R t hi rd parameter IIlCILSU rillg t he
UUlI- BOIlSS;lIt'lllll'lr('(·t, 101111 UIIiSoh lai ued iL I\dV typl' l'lllIa t ion which ;n volllf's t hree
smllll pUmJlIt'LI'I1l. A IllUdWI'(I I\ (IV with a soecndorder- lt~l'm i ll f (a cubic krill ) was
;JI.'lt.1 , It'ri w cl ;1It1lt'ir paper, in UlI' (:a.'>l'or IGWs with large amplitudes.
III 1.lIi1lM'f1.iuJJ, IUlIg nonlinear le w s 011 lsopycnals in all lnviscid, st retificd,
B(llI s.~i llt'S( 1 tluld w ith shear 1101\' confined by rigid boundaries are iuves tlga ted . By
t ill' llll' LhtJrI o f two-puramctcr perturbation expansion d e ve loped by Benney, LeI' and
Ik ilrd s!,'y, a modlflr-d K,IV (Inl\I IV) ('fl\lllt iun wit h the cubic wnu is rederived. T IJis
profiles with la rge al1lplillll ll'~ '
3. 2 Derivation of Modified KdV Equation
Consi dt' r lUI illt:o rnpl"l'ssih lt" luv iscid, 1I 1l1 11 l i l rll Si \', ~, sLra til i" t1 lluid wit h ;~ xlu-ar How
ill i\ two-dimeusicnal domain t~tJll 'll ll'tl hy f1al l " i ~il l IIl Jllllllil1' il'~ "
Th e p;ov(' rni ll~ t'Cllut.itJlls fer till' systr-m m'l' Eu ll'r' :; equutluns,
fI,
fI,
wit h uo-nonnal-Ilow IlUl11 I. liU"y t"(l1 uliliUlI,
w(O)=lU(l1) =0,
when- f' is t !L<1 densi ty , I' is Lhl' p ressun-, II aud II! ;ln ~ t.11l' !luri1.unlal aw l VI'rlit"al
vnlocitles, f{>s peclivdy,.rJ is lilt' a("(~dl' rutitJll dlW I,ll p;rllv ity , a nd tl ..• sllIJs,'r i pl,H tlt'nl/t, ·
llartial tlilrl~rt"ntiillioll. Tit" vl'r til :a] ' ~ou rtl illall ' Z iHIlil"t'dl ', l llpwar,1 wlth 1..'rtJ nl, till'
huLLum, and thl~ hor izontal wurdi llatt~ ;t ls ,l i r('{~ ll ·,1 lu 111C~ riKltl.
with
An (!xad suluriun o f (:J.I)-(:l,5) is L IIl~ hlU;1c slate :
,1;;= (i1('::), 0, 0), (:l.8)
(:l.9)
Wlll·l·l·f(.:: ) is t ill' shear How , (i(::) 1l1HI ii(.::) an" t he nudlstu rbod de nsi ty and p n" SSIIf('
llisLrillll t iollS.
w(~ IJIl W consider small petturbe tions about this bas ic stat e, Introducing per-
1,1lrhati ulls in f = (//11 which is as:mllU!(! sm all ,
,i;;=I~+(Ii', p = ii + (p' , p=ji +ql, w=: ClIl , (:1.1 0)
HIllI suhst it llt inp; this into (:1.1) throug h (3.'1) we have
(fi + 1,l )(II; + i"jlt~ + u=w')+ (Iii + (2p' ) ( II'Il~ +ttI'II~ ) - IJ" , (:l.l l)
u~ +w~ =: 0, (3,14)
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\VI' ucndhncuslonnlizc this Sy Sl 1't11 h) '
.1' = L;, ::= 1/=, I = ~i.,,' = I'"".
u' =u«. w' =!!.f}li"// =l~l f1!11j , 1/ =(Ii ,. (:l.Ir,)
when-lilt' sCiLlill~ Iaetor IV = (I ll /I, f"llH'~ Fnnn tlil'I 'lpw tio ll uf l'ulIl,iullity (:1.:1). an,l
T = "Ill is t111~ ronv octio n time srule. '1'11('11 WI'havr- 1.1l(' nO ll d i m l 'l1 ~i lJ lr " I I " l'w l,i Il Il S
(with the hats droPPl'f.I):
- ( ,'Pro (:I.W )
- ( "(," +1')' (:1. 17)
II, (:I.l 11 )
II , (:I.I!I)
w here r; = yl/liP is tilt' s quun- of l lll' illvl'rHl' Fnm ,I,' Illrlll lOl 't (s," < Hl ~ ' l i u ll ~ .~,~)
aud n = IJ ~ I I} , Note t hat 1l0Wall vnriuhlos witlroll l au (lVl·r!,M 11 1"1 ' jll·t l,llrl"' 1.i"lI
variables.
Wenow make t he Houssincsq upproximat jou wlridl I l ·IH 1.~ I,u 1111'disill'l' l'ilrillr"I'
of the factor fi+ ((I in 11111 equntlou system (:I.lfi ) 1111,] (:1.17), Tl l i ~ is l,asl', 1 UII t in'
fad t lra l t he wate r density ill th , ~ oem ll lt a.~ only ~Ill all vari a1.jolls « fI,: \ %) a lllllJl a
constant uon-dlmensicn a l va lue of 1. ,],I II~ irwlIl1II'H'ssif,ilily of Llw /lui ,] allows II .~ til
illlr",I ' '''I 'ilIJl' r t llrl'l llillll sl t,'amf1Ilwtiulllf' ,SlIdl th.u
(:l.2O)
Aft,'r s ll l,Sl,il llt illp; UII'S" tWIJ 1111I1 dim ina1.inF:IJ in (3.1fi)and (:J.17), WI' gd equal.ions
for (I iH1l1 v':
Equut.lon (:1.2:1) says that tIll' stroamfuuctton V' is constant along hound ar ies. This
system "r (" Illa t iulls lnvolvos I, hn'l ~ parameters a, f and II.
/, , 1IlollP; wil li f , is small. r; is assumed to II(' 0 ( 1). Thus, W(1 rail sea rch for an
i1s.\'mpl u l,j,or-xpnnxionso lu t ion o f t he Iorm
~I, = ~!. IJJI ( .r , .::" ; I) +f",I,U(x,.::"; I) + Ill/p, l (:r , =; l)
(:!.2.')
Suhsl ililling l h, 's,~ into (3.21), (a.:!:!) and (:1.2:1) ~iVl's:
'1'1]('0( 1) pr oblem:
(~ + fl{h )I/I~;U - fj " I/'~'o _ (:p~.n n,
(~+ [1!f;)pO.o - p,if,~~·n n,
TIH~ Of f) prohkuu:
(:I.2t i)
{~ +ftfh ) if'~;U - 11,,"';'u - (,'(,~,u q,~.II'/J ~;(: - q'~'''if '~~~.. (:1.211 )
(~ + fj/h) pl." - ji" g " 1/,~·uf'~ '" - "'~ '''('~'''. (:I, :IIJ)
(:<.:111
(£ + flf/;NJ~;l _ fl ,. lfl~,l _ (,'p~.l
{~+ il. -fh)p(J .I _ {J,t/)~' l
'"
II.
h'J~'()"':~ + v!~;~V!;'O )
- (V!~,o T/J:fr + t/,~;~v,:.o) (:I,31i)
(V,~,op~,o +P~ '0 rJJ~'o )
_ ( " '~'()p;.D +p~·[JV!: ,lI) (:J.:l(j)
V,:,U(J', Ojl) =,gU(X, J;l) = 0 (a. :I7)
In th e rollnwiull;, w,' will discuss and solve' 1I1f' ahove Ilroh"'I11 ~ one by oUt' lip to
l.I11' Sf'f'uutlordl'l'i ll f ,
3. 2.1 The 0(1 ) problem.
A sim pl" l11a tli lllllnl iu li uf (:I.:J.(i) and (:1.27) gi\'t's
(~ + fl-/h ) 1 ",~r - '1«(~ + 'l-#;. ) ljJ~'D _ Gfi< rJ!~~ = 0, (:U8)
wit h l,11l' boundary ronditlon li S befo re.
T I1l' f"llIlltil/ll (:l.:l8) has lin infinite number or solutions , most o r which arc'
,liHi,'ult to lind lUll! 1.0 d f'lll wit h. It 11'0111 11 be nleo if it had a separa ble solution ,
1lf'I'HllSI' lhili kind of solution is easy to han dle. To sec.' whether t here exist such
solutions, We ilSSlIl11{'
(:I.:I!l)
a nd subst it ute thi s into (a.aS). T his ~i\'I'l<
(:I.·W)
Th e le ft side of th is equation is It function IJfz ouly , so l1l1'rip;1itsid,' 1I111 s1.I", as \\'\,11.
Th is l"cqui n'S Lhat
(:1.-1 1)
who re I. aIHI/1 arc (ulietioll S ur z only. From (:lA I) . it ill ul. violi ll th at wr- IIIl1sl. Ili tV"
A "l = -c An for 501111' coustnut f'. T his lt'al ls to
Snbsuuruou in t o (;H 2) shows lhal dT(I)/ ,ll 111l1st I Il ~ lL l"tlnstmlt.. w(~ 111"1'nul inu-r -
es ted ill solutions which h''l 'orm' unhouurb-d as I, i IiC rt'I~WS, S! ' WI ' IlI lIs t sr-L 'I' =: lJ.
Thus , (01" a sup arahln solution, A lIl llSt. sa1.i.~ fy til" lilll'ar rIlJlldisl"' rsiv,, Wil V" "'I llat iu n
1:1.11)
11('::) f (' fur ,IllY ':: [i.o. 110 n il,klll lay!'I's), there is It tlist:rd,.. infi lliLt· slwd r lllll of
t'il!:" 'IVlllll-:l (', > ('~ > (':1 > ' " wit h r-orres pondiug "igl ' nrlllicliollS <P I' 1J,.'", TIll'
so lll1.ioll ('" , (p,,(.::) i ~ tilt' IIIOtI" -,, lim-ar wave. TIlt' 1l0lHlis pt 'TSi\'(' uapcct, of t ill' Zt'1'U
urd.' r solu tioll is 111'('l'lIIL{If II ¢; J [i.e, the long wuveapproxiuuuiou].




3 .2 .2 T he O{c- ) problem ,
Wt' again d IOOS" t o s"l 'k SI'pilr<lbl ,' SUIIlt.i tll IS for Ott ) p ruh l,'m ( :I ,:!!l) III (:1,:11). T l ...u-.
fore, WI' assutue
i11 ~'(.r, I) r/J"u(:) ,
HI,ll(.r, l) /) I.II( .::: ).
Sllhs1.ilu til1g tIll' O( I) solut io1l into Lln- rip;1tt lmml si. t., or (:I.~~ I ) .11 11 1 (:t :UI), we Sl'l'
t hat
AAAM'" , - M' ,, ),
Ai\A,~·I('I(~(.J, ) "
Slncc tho il1hot11ogCIWOI1S torms huvc t il.· Sl.pill"illol,'i\i\ ...rill"t" l", we W<lut I/'~"",fl~· II , I/'I1.l!
iLlUl fll'o to h i lVl ' t l'I' f" d ur il S well. lIy t ilki l1~
SttlJst il llling 1/,1,0,/11,0 iulll (:I.<!!l) ,,It.1 (:L lfI), i1IlIl dil11i ltiLt i ll~ /)1.,,(.:::), \'0'1' l'U' !
up with <til equatio n SYStl~lI1 rur rbl ,lI:
~ [(" -CIl"Om-O,.,, ) H:.'(,,~,.)J (;1." '1)
4,1''(0) =4>1,0(1)= O. (:I..'")!;)
ror 1.111' O ( I ) pl"Uhl" 1ll (:H!i). Thus (:l . rl~) is lUI i Jl htll1lo~{' IIt"lJlIS form uf til!' e ip;t'nvill n,'
1'.-,,1>1" 11 1 (a.'!!). Now 1I11' 111tl'Ht j,m is w hctl ll ~r eqnat.ion (:1..'"1'1) lliiNit solut.iou which
salis lil's l l l t ~ Aiv"11 lmnudary rondh.iou.
M l1 r tipl yi ll ~ (:I.!iifl "y 4>/(<< - f')~ and t hl'lI using (:IA!i) w, ' 1';,-1
wlu-rr-
lh-n- WI' han - nssunu-d nonzoro (ii - I').
l· / (: ),I.:=O. (:' .• 8)
Thus , ill unk-r fur t hcr « to 1)('11sc'par ahlp liUlul ioll ronditlon (:l.5S) 111 l1st I){'silt isfit'd.
{) 1It' ,sppl"i,l " il S, ' fur whichUris is tr ue is t Ilt' ollt' with 11 = coustunt uudP:=ronstant.
Bu l i ll ,I!;\'lwral, (:I.."i:S ) is not )i;lt islie d .
-15
by addiugan O(( ) mr n'di"l1 ,,( tIl<' rUl'Ill
Wel1UII' must reunu 1.<1 tl1C' 0 (1) problem. 'l'li i s ti l1l1' \I" 'slll ~lj lllt, ' (:L!i !l) . 111sl.lw l " f
(:1.-1 '1). into (:lAO), T1iis ~i\'('S
[ ( li - rl/)- ii,'~IAJ" = -d/(.r, I )/). (:Ui l )
Till'S(' 0(1) l( )1"1l1Slll'lungilllhe 0 (1) prolJll-lll. Tlllls till' 0 (1) pnIIJI,-1It is sl.ill ~i v('l1 I,y
(:1..15) alll1 (:lAG). Howevurin t1w O(i ) prul'!l'Il1 , th« ril!:l llsid l'Sur p -rll) ,11111 (: tr,~)
Iwr.uIIll'
AAAM", - !>,",,) - (il" L)'I,,,
AAA~ ( /~J=- l/( J:,l lfJ,
,Hi
{:l.I i:l j
I'IJIIslanl I,, · :.!" su lh"t (:J..'ifl) 101'l'UIlWS
P hysin d ly, 11H'(' rrl' d (If 1111'lJ(!W 1."1'111 is to illLm d m '(' a ll 0(1) cnrrr-etlon to t he prop-
,,~a1.i(J11 sl',·, ',l , whirll is nnw (r - ttl'll ),
N' IW l.1 u·()(t) lll'o!III'IlII>,'corm's
01' uln-mutlvcly,
~ ( 11", - 1,1,,) - "1",






\\'il h 1.hl' I"lrrl'liIIUlIllillll:
I ,r= ,
O (f) prulol"ll1 r"r ,p1)1111111 0 1)' i ~ ~.." lvaJ.lI·.
3 .2.3 The O(/J) problem.
T Ill' pruf l' , I Il I'l ' Illlopll' ,1 lnthls 1'1'0111"111 is till ' SHU ll' liS ill Lilt' pre'villus I'fUlJl"III, S"
only /III ,ml lim' is pr<"SI 'lItl~ I III'Il"
·IX




~ll hsl. i tl1ling t{!o,lJ into the equations (:I.:l2) an d p .:l3) suggests 1hat






1'0'111'1'( ' (lilly tl)(' 1t'lulill~ ordor term of A, (namely -cAr ) has been used . Note again
1,lmt (:1.7H) is 1111'illlwllIugl'lIl'UllS form uf (:1,45). By t he Sli m e procedu re used for t ill'
0(1) I'whlelll , t il" c'x i s1.il1lC~I ' of il solut ion of (:1.78 ) requ ires
l' .J(::)dz = 0,
\\'111'1'('
(3.RO)
ti, = - ctl ...+2{rtltl r + I, I/{ J',l ), (:1.1'11)
With (:l.77) ,\Il,1 (:J.lH) lIuhsl iluLt..1 in (:I . :t~ ) .L1 111 p .:!:I), l b,' r" 'l·ill.': I"flll" of
which iluli"l\le 1hl\1 ror 1\ "" p,nll hl.~ "" Iu1i..n WI' 11111 >111,1 I HlV'~ It = ... Au ... wilh .~ I...ill)l;
a consuuu . Th ill ill rll('l illlplll'l1tlm1 111" m-w term ill till' .'v"!n Liu,, "'1'11I1;"" rur II
results in dispersion.
Theil the 0(11) pro blem Iwm ml'S
or ah"rnalivdy,
0, (:UUi)
.'" _[~ + (lP. ] .'"n (il-c) (li- cP
oPU,I(O) =t/J°,I( I)
- rp -s r~ +~,p] (:1.117)
. .f fl- I') ( lI - f:P •
0, (a.... )
.utll Wll~('{ I Il( ~II 11y, ./ (:) iNHOW
.1(, ) = - </' - .< [ </,,</ + ~P' </' J.
lI- C (II_C),1





illl,l I ; ~ ti ll' salll " as ill (a .7'1). With lIli s value of II /lud " waw profile "volvillp;
iU"I"tlT, li llp; lu
A, =- Cll" +:.!(rA A...+IMAu .., (:1.9:1)
tIl<'()(/'ll'ruhl"ln fUT.U ,I a llil [1J.1 is solvable . eAllUltion (:1.g:l) iii til l' KdV equation
whieh,ll~r il lf'!l Lh" tillll ·,lt·vl·lopllll'lILor 1011&Wtl.VNi uuder til(' combined d rpcLor Llw
lin;l uTll,'r IItmlim'i1rily and ,lisl'c·rsivily.
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3.2.4 T he O(f 2 ) problem.
In t1w last serlioll. W(·llt'rivl'tl llIC·l\ tIV t"llllaliull whis-h i"lOrlil"l'l"n l.' r ill' all,I " ;,",1
t1l1'rl'rOrt, i,. good rnr !CaV,. with small nf 1I11J1II'rillc' mll l'lil ll.I... 1111 \ ;11 t ill" 10...·,' 11 . ,IS
FOf tlll'St' IG\Vs l\ N1 't'lmtl-uflll'r ,Hllillilnol,' dr '''I"t II1I1,.t hi' i1ld,..Ir-d. TI , i "~ 1,·." 1,, I "
tlu- t1er ivalio1lor llIutlili,'(1 I\tlV "'Illalions <i" Wil"~ oI"n,' lIy I."" ,\', 1I"<l r,b ll'y[I!lj ' l]. III
1I1is sect ion, rollO\ving Let ' uud BI'iln lsll',f , 1'0'" Sllv\' nil' O( f1) I'r" IoI"1ll ,11101 "I.lil in iI
lllotliriNI I{tlV 1'(!llal illll (will 1.1' ,1" lIul l"lI ..,. lJl1\IIV lll'l'I'llrk r).
SlIhsl illll illg t he' Ilrt·viuus ft'snlts 1/'";', I/,I,U.m,l ",11,1 jlllu l lll' right silll, .. r till'
0(e 2 ) probk-m (3.:I,'i) 1\1lI1( :I.:l6), we S('(, tha t
,,~»,,:;~ + "~f:r~»
,,~.u"~ f., + ",':f.,,,~ ;1
111A'(H~:~ + 1oP", ,,I)' ).
A' A,(101>z .p: ~1 +1>".:;1),
and so 011 . Thus \V(~ an- illlll)in't l 1.1.1 sd Lhc ~ rulluwill,t!; Ionu rllr it lIl'I"lfill,I,' ,;o;,llIli'J11
(:1.~Hil
(:I.~ 17)
(:I,a7), we obtaiu till' "fjlllll;Ull sysk lll r..r 1J1,n lI11d L11l' "urr ,,,,pulltlin/l,f'l>ll.lil jllll fur
"lw"y~ ~; , l i.~I *" r1, Hy 1.1 ... ~;LlIl<' I,r)!,rrull' rrl ilS lu' fOrl', illlo th ,'r term lTlm"" , rr t, ill~ 1111"\'( '11
sl" wl' l" ..111 111;" i n till' wave ,~l l a p" is i rrl.ro tl ll l '(',1 int o t Ire' ('(lI lat ioll 1?:01/(,1"llill g A
Nul'.' w,' sl l l,st.it lll., ' (:I.!JK) aud ulltho obtained resultsof ti lt' lo werorder pruhlems
in l," 1,11t' full [w 1"1.rrrl,a1.io ll , '([rrill iull of t i ll' r0 1'1ll
(a,!m)
n-ms. l' I"III"'I" I.r iITrml)!,ill)!, 1,1ll' 1, 'n llS wi 1.11 t ilt, sa rrl" urrlor, WI' fiud HIl' ('(lllil1.iol1s fu r
:l:\tA...-l (1I_ d IYl.lI _ tl:~"I,U I =




ro r a !'<'I>arilhll':oc,luli ..n. Ld
(:l .IlI:! )
(ii _ f' j /P ~1 _ P= <b~ ·1J =
vVith D~)l elimiuau-d, 1I1l'SI' ltrt' n-w rij.te-n lIS
<t>~ ~' - [~ +~l .p~ ~ ' =
.. (,i -r) ( ., - r F
:J(i1I- r)(~~~ +2~m4-I~1 - :1.1-: .p~:' - ~=:.~~'- -tr.~~' - ·\10:=)
+: Jfli(~r)l(,p /)~~I + 'J. 1J=4P' - :1."'=/)')' - /)".~)' - ,11'0 ' )' - .\11), (:I. lIlIi)
l/IV '(Uj =¢.'l,l'( I ) = 11, l :l.I(7)
alld
f)J/.' = ( ij~ f:) rP~ '"
+:l(ii1_ r){~ IJ~·1I +1/). </1 ,,11 - 1rjJ,Ol iJ - D.p~·o - 4rD I,o - .\0). {:I.lOll )
AIl"Uwr rUl'm of (:l.IOlj) is
,/ (=) = :l{rj~ f') ( ~,p~:: +'2¢mrf;I.ll- '!4>, ~;f - -p<:~~.o - 4r-p~f - .\~ ,
+ a ( ri(~f'F (~ J); /' +'2/), </>1.0 - 1.4>, D1.1I- O~:,1I-1r DI.o - .\D ). P ,IO!))




ran Ill' solved. Noll- tl111 l"lIt'f!io-i"1I1sr, ,_and .\ !Iii\'<' 111<' sam,' ,1"llulllillidll l' I,
3.2,5 Summary.
Using the method of ll ll ~ pl'TLIlTha l,iull " ~ l lIl1Is ioll ill pull'l'l'Sor tln-LII'usmall p;lrallll"
tcrs , W(' ha l'l' foundt ill' aPllnJxilllil!." sullll iull fur 1" lIg nunlim-ar ](; \Vs ill " .~lTi\ lil il~ 1
fluid with shear lluwroulinrd II)' f1 al rillid bUlllllari,'s in it Iw,, <liml'lIsi,,";11 ,Juillilill,
FlJt !l)lJIl IiOnlin,'ar !{;Wswitb fillilc' illliplit,llll,\"ll ll' " '""",l-urd,'1'1Il1l1l illl'ilr 1." 1"111 ill
( may hl~ hig enough lu play an illlpur1.;ml mil' ill 1111' ovcra!lnunlim-nr d l'," '1 111 111
t lH'r,{url' can not be lI('gl"!:l"'1.Thus W" d luo",' LIIhnvol ilt'solution"ullsisl ilig uf 1111'
)lI'rllltlml iull l;(jlul iuliS 11111<1 till' S1"'U!III IJI'l lcor ill I ill" III,'~I,'rl alll ll1'u l.lll' r higlu-r
u nh-r k r ill.' wbirhMl' muchsrualh-r <Ill" I.u lilt' Sltlidlll" S.'of /" '[u SIIlIIIIIHiz,',
ti ll' pr-rturbation stn 'alll(11lI1"l.iv!I isgivl'll l,y
whil('t lll' IH'rlu rlmtilJl"l" lIsiLyis
A is ,,'uv" rIIl',l by
,; fj
I :, '/J art- ' ]l'l l'rllIi n, 'd by t lu' d,e;I'IIVldl ll' problem (:t 1!j) -(:I .'l6) which hus a count -
uhly iuliuif.e sd or s"l llt iollS ((:.0 . rPn ) witl, (~ I > c'l > C;s " Th e ot her va rillilies
", 1,1(::), ",U, I(:: ), ,P ,II(:;), fJ(:;), /) 1,1( :;), fJlI,I( Z), JJ~'O ( :; ) am l til(' roustauts 1', •• and ),
im' ~iVl'1l ill tl'rul.~ "r C unr l "' . Si llf'(' \\'" /lrt' only intere-sted ill the-1110,1"'0111: wave
(It := I ) wl,id, pmlm~;ltl 'l'! tlu ' ri~~ ll'st, we 110 not usc ti l(' subsc ript n a nd refer all
Iplall l,it i,'s lo tl IUSI ~ i~,,<;()... iatcI I with lhl. lirst mode only.
Wa vI's run trav,.] ill "it lwr t ill' pos it ive or negalive dir octlou. The solution
(:l . 111)-(:1.l 11 ) :<ho1111 have t ilt, uppropriate symmet ry. II is eas y to checkwhether
p. 1H ) 11"'"1< tld s. SU P I' USI~ w" havea solutlon fur S0111e il(:: ) and N~( :: ) which describes
a wave jll'Upill\ilLillg ill the positi ve dlrcctio u. Theil W( ~ should obtai n a solution
d,'Sn i bill~ a wav,. propagating in tln-ne~ativ(' direct.len by loulng e -+ - x, C -+ -c
;mll II --+ - II. EXilmin iu ,l; (:1.71) and (:1.91) , Wit Ilnd t hat ,. remnlns th l~ sal1ll' alHI
Il r hl1llgl's sign. Fur '" WI ' lIo11' II)' (:JA5), (:JA8), (:1.68) and (:l.70) t hal t/J and 0 1,0
il T!' ill,ll'lH·lllll'll l. ur t111~ sign while n,"" ,0 depend on t he sign, which c'ntls lip wit h the
t ·xl'n's.~il1l1 ll r ,\, L,' . , (:I. I IU), 111'Ill'lld illg 011thesign. O n t he other han d, A(:t , l) will
l'hOl ngl'si.e;u itsd r sinl't· 1/ := II', r ha ngl' s sign, as wel l il~ the deri vatives wit h rt'.~Pl'r t,
to a-, Wi th 1111 t,hl'sl ' ilwurpora l"d in to (:1.1 11) , it is fcund rlra t lhl' I'('su lti ng equation
is (·xOIdl.\' till' 1"11111\ i.c., illlul'!l huh l fur t ho propagation iu both dir ect.ions .
'I'll!' 1'II1Hl tiulI (:1. 11·1) is l lil' mKtlV equation whic h de scribes lIw rase when
.'i7
tlw wave nmplitudcs an' l ;, r~I" A1:I 1:I tlltl·d at t ill' Ill'p;ill lli ll~ of 1 , ll i ~ l'il"p lo·r. it i1:l
controlled hy the t wo pnra n wl <'1'1I f lind I'. IIU" o f whb-h ,''' IIII'll Irom 1.11t' ,' s t.-usion of
ti ll' lnfluitcai mul rhccry and t lll~ o ther Irem I OIl~-wa\'(' tlll'ur.v. \\11"' 11' ~ /1, tIl<'I\'ll\"'~
nrc domin antly u'.mliI Il'M and t" 11I[ to .~k"lll'lI and IJrt'ak; wln-n /' » (, WI' 11<1\,\' lilll'ilr
dispersive WIlV\':1:I , Note h\lw,'vt'r t.hat thiNl [ i'~P(' flli vl ' l"I'lH jx !lut. t il<'N; IUl<' dbl"'rsi l'"
te rm OIl\'ohtalns From tlll' linear nllllhyd ru1:I l lll,j,. 1" pml,iIlIlN. TI ll' di1:l1" 'rNillll is ,,"ly 01 11
nppr oxlma to dispersion valid ill ti lt' hm~,wilvP limit .
3 .3 Appli cation to our special case .
The tln -ory and l1u' uendlmonxicuul fonnulutlou 1["rivI'{[ ill t.1I,· aluwl' N,·,·1,jl/ll iN II
genera l result for flows wit h any st r.u lflearlon uml slu'iII' vl'llwil.y. Our pllrpos,' is tu
examine to what C'Xll'IIt Uris t hf'my pWllif1s !,Ill' evoluf.lon of 1"1Ip; WIWI'Nill Llu-rllily
nculiuoar muncric nl mudd (IGWNim). Thercfun-, we 1I1'{ 'cl til s<'l 'd SllIlII' Jlilrl.inr -
lur case and appl y ti ll' t lwury 10 it for unnparisun. III "Ill' nuuwrlrnl ,·xl", ril1lf'rrl.s
descr ibed ill chitpl ('1'1 l llc~ background flow is, ill.' l";ul of NI1l'ar, ;1 nuiforrn vdur'ily
fid d. Thus , ill thiN S(-':diIJIl, wc, will lllJply till' l hm ry tu sm-h 11 How , IIII,J "ilkuli ll,'
th« corresponding eigenvalue [linear Illlasc~ s]l('(·,I), vl'rl.inll lllWII's arl,1 n u·frir:il·rrl,s.
This work involves tho Iollowiug: first , lI r f~ f'(!lIill iuIIS a ll,1eX I II'I·ssi"n.~ an ' sirrrpliri,·,1
a xtuuntary ur1111 d inlC' lI~iolllLl ('filiati o n ~y"kllls and fonnulatlons , based 011 which
nnuu-rieal solut ions art' :;ulI,I!;ht, is givou for cOllvl~n il'l11. reft·n·nn·; and Hnully, some
"ulnt iolls an' pl'l'SI'llll,, 1 ill' ('Xilmplt·s.
3.3 .1 Simplificat ion of 1', s, A expressions .
FIJI' 1,lw sim pll' hYllwl o,e;yrOllsilll'n'll llPrl' , i,e . (,:Ollstant ii, all te rms in volvi ng deriva-
tlvos ur (li-r) in t he rdl'ViLut 1~l l lIiLt iollS a nd expressions va llish. Taking t ilt' derivative
of (:I.4ii) with "I'SIlI'I't lll :; and mult iplying it by ¢ we' haw
(:3, IJ5)
SlIh-titll tiu,l!;illi:; into (:1.7:1) and partially illtq ;:m i in g it. and (:1.74 ) i L.' well,1'1" get
aud simil arl y,
(:l.1I7 )





3.3.2 Conversi on to dimensio nal form.
whi le till' a bo ve th l'<Jrl'li e'll IUIJllysis is cnrr il'd Ollt di llll'lIsiu uh 'ssly, 111ord"r III rruupnn-
them I ; ~l(~r we now ("u ll v' ~r1. t h,! il11ulysis t tl dluu-nsloual rOI'III. Th is fiUl Ill' , lUlU' ' 1" 11."
easily. Remembert hat I JIl, ' l'olltmllill~ purtuut-ter r,'audonc s"ali np; Imra llll'l"" 1/ \\ ',' I'l '
intro duced when WI' <lid nondinu-ns lonallsa t .ion. Nnw hy rt' p lacill.l!; ( :f!, wit h - N~ .ulll
II with I ill ti ll' previous sl'd iun, a llll l'l'';lITdin,e;a ll var-i••1JIl's liS d illl" IISiulli, l, WI' run
irnmcdintely obtain t l1l' dlnu-nsloua l fcnu of t h,' systoru. TI ll' , linU'nsiu lIs of t lu- t hH'l'
codficie nl s 1',;'1and Adepend Oil how IVI1ddi lll' 1.11" , liI1 Wll,~i lJ lI S fill' ti ll' vl'l'I,kal llll"I, 's.
Doing this di nll' lIsiOilal iLnalys is clu-rks t ill' lli' l1l'lls io lliil ,'ollsis1.' ·lll'y o r UII ~ 1111\ IIV
equat iou . In tlu- following, WI'first Ild i 1H~ Ow ,lillll 'lIs i" ns uf ti ll' v', ril.], I,'S ill 1.11<' l, , ~r(J
fill
rUllIl '!. 'I'hr-nWl~ im p h·lIll ·lI1. ronvr-rsicn and s1J 1I1111 arizl~ Lll(' dimousional SyStl 'I1J,
TIll' sLn'iun Iuucrlou PI'rlll rha lio ll h"s a volume llux dlmonsionu l scale (lI l/ 1
. .p1.1I .po, l ll ~
(t IJII A)4' + (d IIl A)'/ITi + (d Ill A)rr ----v-
+ ( (fl II Al·l (1~;;JF " ,
A·,p+ A·1~~ I.o. +A;'r'.p0,lo+A-3 ,p1 .().
(rfI/IAlf;;;+ (dIlI A )1~t/:/' ;: + ( dI IlA)r/II~~: 1I
+(d l ll A rl ~/:,1;: ,
I I· n · + A-2/J I ,1I0 +A;.... /)II,l o +A°:"l D"o«
wlu-n- M~ M 1'l' lll"I'lWllls ti le' Ilillle'llsiolla l form an ti tI le sll lJl;erip t I' st an ds rol' ]Jt' rt ll r ha-
tlon. OJ,\' io ll .~ ly, ti ll' di llU'lIsilJllHI sl'alt ,s o r the q lla nt it ies in lilt"above a re :
[..1'1 ~ , /I II , 1<1 ~ I , '<, '· '1~ 1/ /111 ,
{il
A" HS tha t o r tIlt' st ream Iwrtll rbllli"lI, H illS ], '<1\"- <p ,liuH'usi"IlI,'ss willI ;1. snd,· " f '1111' ,
undthen ,lct ,' r11lin" l lll' , lil1l"lIsiunal s,'a ll's "f utIL"r s,
11:<ill,t!;
: = : "/ 11, (Ii - f ~) = (il " - " ' )/ " , iJ/ iJ: = UiJ/ ih ' ,
(ii(~:'F rf) = <P:: = 11'14> ,.: . = - II~ (II' ~~f '"F''' '
allli t he above rt's lII1H, 11',' nUl rt 'lVl'i l l' ,., .~ , ..\ "x pn' ss iullH <Is
a llll s im ila rly
(:I.I :t l)
Th"SI' indic au- lhal ,,' ,.~ ', ..\ ' ;,r,· ,1"' hlP,1 as tl ltr.il· !'1Ilt-nlalt·,1 I.y lIsi l l~ diJIl"IIHi" .wl
quantit ies aud thus h;IV,~ L111 ' ,lilllt'"siolls 1// /, II ff ~ all,1 1/" ff ~ , rc-,; rH'd iVC' ly,
lip to thls pl/inl, t ill' diuu-usious for t hl~ wlwll' system have been defined. T he
nIllVl ~ r:;io nlJf llll~ system I JIl~k to the physical domainca n be do ne by suhstituti ng _N1
fur Up., I for fl, arlll rq l;,Ln ling all variables ill t he sys tem as dimonsional ones. Next,
l.h<~,rdiral cakllllll.ilJns are ('arri,'d olll for nur p;trl in l!ar CllSI~, is summarized in th e
1.lw [ll'rLurha l.iolis at SO l1W level z are
(:).126)
(3.127)
when- t ill' W; lV<' prolilr-II is ,ll;ov(~nlt'd by
' l'lu- lI oll lillt" u" uud ,lisl" irs iV<' l'udfkit'llls a re:
- ~ fci'.p~(lz
2 ~fJi tjJ~;lz '
_ Jr.lltjJ1rl;;






Tile vert ical mOI!t'S ap l' l' ill'inp; in lIU'sl' l'xpn'!;sio llS <Ir1' (!t'1c'nll itll'l! Irom:
rj." + l','~~)'.p = u)
.(0) ~.(I1) = Il
1 o N' III IN'l. 1 1N"j )4>:. +~4l' = - -P;:::P '~ + "ru:;:p'f) ;
qil,ll(O) =qi l'0(ll) = 0
.~:' +~.". ' = - I' +.,""""<t, )
_. {G_oj' (,, _._)';
,p0,l{O)= ¢;IJ, I( II) = ()
I/J~f + ci£rrrj,1'u = -'2~M"O _ ~,~:t
+:IJ'~'P - "~'f"/z
+":l(~~~):to/ I ~! - l,1~,p (:1,1:1(;)
+,\~'"
0 = (fj~r.)t/J, (:J.t:17)
J)l.U = - .-' -[fl.t/P' + fl:: ",1- 1·~tPl (:J,I:lSj(u - c) ' 2(it - e) (ii -c)'
n U,1 = (1/~ f:)t/J°· I_.'I(i"j~:C)~tP, (:U:J9)
1]1 ,11 = (jl(~(,)rjl1.U
+ ;I(ii ~ (:)(t/J IJ~ 'O +:lfJ : r{! I,O- '1. q,: lJl,O- LJ tP~ ·Q - '1I'Ii'o -),0) , (:1.140)
when- tilt: C:U1TI'd IWSS of ti ll ' rudlit:ic'lIls r, .~, ), (' n.~lI l'('s thl' :m l\'itlJili ly of thl' above
i ll hUl1 "Ip;I'ru'uu.~ ['l l ll, llion sy stc'tlls.
Sulvi llp;lids ]l l'Olll l'lll , o llt' wouldadop t. "-sol utio n pror-erlur o like this: fir s t , solve
fur lIll' ollH'l"Vl'1'1.inll11lntlt-s; lUl11 th ircl, solve the ml<dV ('qllatiull (:1. 118) for a giVI'll
inili;\] waw prolih-,T1H'.~( ' will he done in ti ll" followin,l!; rwo se-lions.
3. 4 Solut ion fo r vertical m od es .
TIll' four problems (:1.1:1:1) to (:I. I:J6) 111'1'solved numerirally uslug n Cvcodc £ IG. Note
t.hnLfur " ,11']1 of 1,]II' Ill , t llt' I'I' un- 1111 illlillitf' numberorsolu ti ons. A unique sol ation
run he selected by illl posi l l~ it fu rt ht' r roudltton. T Ilt' S"I11l.i"ll tI l (;1.1;1:1) is Ilui 'l l,, ·I.,·
rleu-nulnrd h)' sd tillg Ill11X( r/J) = I. The /!;I'IlNa l suill till!l ' If (a . I:I-I ) Iins lilt, furnt
where t/Jl. lh is a particular solution dd. 'rminl ',1 by II 1'llllllOl al·,\' i"ulldilioll
(l ,1.0 is all arhitrary constant, tIl<' st'l, 'd i"n of which will 1.<, . lisnl ss",1 ill 111mI' rld ,ail
ill ti le llI'x t c haplr r, in conjunction with 1I1l' 111" IISllrt'l1Il'lI l, "f wnve IJroli1,·s. ' I'In-
gt~I1CI'/I1 so lilliom of (a.I:lri) a nd (:3,1:16) hav\' it formsimilar to (:i. 1,1I). '1'11<' 111 ll 1t' l' il'; ' ]
solllt iolls of (:1.[;101 ) to (;1.1;\6 ) ;11"1' o htllilwtl hy int,'p;ratillp; Fruru :: :: II lVil,1. Iwu
boundary cond itions like (:1.1'12). Tho vilhll'S " r 1',." am l >'I!,iwil b.v (:1, 1IIi), (;1.1 I i )
and (a . l l !) g uarautt'l' tha t rjJl,O, 4>lJ,l, p~ 'u nrc Z.'l·0 at == II . Not.. tlrat ulily ,I> ;,nd
4>1.0 art ~ f<~ ' l lli l·('1 1 ill order to I'villunt. , t-, ." , ~ . WI' will Sl''' Illtn 1.111<1. ,p.1I is ills", 111",..1.,,1
to oht ;tin the iuitial wavoprofik- lroru tltt' Olll pll l "r 1I1" 11111,1.,1 I<;Wsi lll . AIt.lIWIj.!,lt
41°,1 and r/J~'o a re Hot used ill any fonuuluc l ilt' . 'qilatiulis fil l" 1.111'111 su..' ill l" 'j.',l"HI., ·,1 tu
ver ify the (~OlTt'd lH'SS uf ti ll' 1:lIdlirilm!.s. NlJl.l ~ Ulal 4, is tI)(' lil"sl w'r1.ind 11"1"1111.1 111", 1"
while q,I,O, 41°, 1 11 11.1 q,~'o Me ill gencrul I:llIIIl. i na1.1ulls " f all l lH' lilWll1" v<'rli'·1l1111",1,·s
. ,,(,j.
ri.r,III"f':1.1·:1.'1 " n ' ll ll' I'!uh lOr U". vj'r linl l 11I.,,1.... fur tlu- n.SI' wit h L1wslf, ...
wiSl' N:l=) "i""11 I.,), 12.:l.lq, II :::: :Il ill m "'IfI z- = twill. Il .'a ll 10.· SC" "11 that
+( // ),.p ' )JI //),f,'l" I // ) .11,,1" U>{II) if n ' r..-m . i...liriflill1, tl....t r. .....Iltl). if n " ·if k " I.." ..1
t .. lillllki..nt ;.....lI rm·y.
Ij;
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3.5 Numeri cal solution of rrrKdV equation
Up to now , wchavcthron-tk-ally shown 1,11111, to ()(f~).lln'l·n,l l1 l i,, " " I' l" lIp. lItlulilll'Ol l
per tur batlon WII\'l'S is ~U\'I'rt le't1 hy l.1H' m l, dV "q ll,ll io ll (:I.I :!:' ). a lld 11M',· ,·,,1'1'1·....1)'
"a k1l1ale'd till' assodatl'c1 \'u"[ l id l' ll l., . To I'UII11wn' this I ll<"u l'.\· wit h tlu- 111,,,1,,1 n ·~uh s.
we I1IHSt solVI' 111is time' c11 'pl'lIIh'nl m l,c1V I'qila l illll llli a p;iv"lI illili"l \\';lI'l' l' ruli l,' .
This is I I{JII I~ nuun-ru-ally Ii s i ll ~ Lln- 1" ~( 'lI , h ,sl l1 'dra l 111I'1.Ilud ( 1 ('\'I' lu ll(~ 1 l l~' 1"'1'I11 " ' rp;
&: Whith am [l!J7R]. Tl lis 1IH'1.huol !l SC'S i' HlllriC'r l. rilll,~ r"n u 1,r! 'ill.!IU·lI l, ur t.lu-S p ilt'< '
hriclly tl,'srr ilwcl and t lu-n i1llplic'd lu our p1'llhlt' llI .
3,5.1 Num er ical method.
For simp lid 1.y, ld Ill' dro p ll1C' udvt-r-tiouterm "Ar ill (:1.111'{), wbh-h n," IWl'l i ll li llill,,·d
hy rhall~i llp; to n I'l'rl'rl'lWI ' rr ill lU ' l11<Jvi ll /l; wi t.ll spc ~'d f' . T hill' wr- hil vc'l.I w I",sj" IId\ ,I V
equation of lh e ~ fonn
wlu-n-6/ is t ill' t.iuu-i ruT"l lIl 'lIl , 1,111'n's lr id io n 011 11,1' sj;~! , ol il l willbe sp [·r il i l ~l l 'd .. r.
(10'10''1' Ill' n 'lIn"' f ) lin ' lll' rfumw ,l ol1 l.ju- .lomalu l11'nmlillp; 1.u
,1111 1
P- ' {AU'",' ))
\~ :.I,~, ' ..l ( t'" , l}I' - il' ,, (j~rl , (:l. I ,I{i )
11'111'1"1' ,.. awl /.'- 1 ,11'11.,11'11ll' rorwlln l iII,,1 baek wurd FFT, l't'llp!,!·ti \'l'ly,;l a nd AHI'l'
1111' H l1lril'rp"ir.illllI1l 11'\\'1I\"'1l1lm bt'r is p;ivt'uliy
i: = ¥". Ii = n.i. · · '1N-I .
Null' t.luu lo O'IIS111"I' t ill' I'I lk il' lwy lOr 11ll' I,'FT . I ll<' 11 11 11 11"'1' tor " r i,ll'"inl '; il"l"ls [" I",
(:I , I,lli ) with l"("'l' t,,' I, to ,r l,,, ltiw
points, ius lt'm l of Innn ouly spv l'!',,1 sli rfulllHlilllt l'ui Ul,; ns ill t ill' lIs lIill lin i t" , Iilf"f
PIll'ilig SdWllll', bas 1""' 1111,;,..1. Tl li,~ will ~i v.. it 1I10l'P ilO'r1l f ill,{' sll l ill iun.
I) isl'n ' ti :l,itl ~ ( :I , I' I :~) by 1.111' IISl ' "r (:1,1,1,1), (:1.1,17) arul (:I, I,IX), W,' 11;1\'"
TIll' rcasou for th is l11 udilil"ll iull is lha!.it is il io n ' i" ...nfilll' fllf sh"r t \V;I'/ " ,·" tll l " 't ll' lIb,
Silll'l' ~:;~,~ til = lii l l( k;~ ,~ Ill.) + O{Il l' l ), k~ .~ At ill tlu~ dispersive torm has hC'I'1l
rl'plilA:t ,,1 I.y s il1(k~:,~ ti l.). III 0 111' long wave cons aleru t iou 1Il(' m,lx i11111111 wave number
k", :=: ~ 7I' 1£1;1: iuv"lvl,,1is llsllnlly c(}llsil ],~rnhly emnllen- tllll il une. TIlt' error ilil rullm'l'tl
ill t ltis l"t'pfal'l'tlWllt is a ll order of Ilmgnil.IHI" smalll' !"th an ti ll' t runc a tion error- alrl'ally
ill1. n" llln" l l,y till' t illl c ~ ,1bwI'C,1,il,at iull. This n'I J lac~t' nH'IlL lms important signi flciulCC',
illrll'I'11. III ,ll;{ ·IIC' l'id. n t:llllsislc'nt I l i l r(1l"(1 ll rC~npprox illl;lli(Jn 1.u (:J, I>1 :l1is acc urate enough
fur luw wave- nurullt'ts (slI]Jpusin,ll; it well sa tisfip:<; t he corresponding cl"i1.eri.l), but it
witt I"",· ureurncy rupidly fur incl"t'llsing Wl' VI ~ numbers . /H high wave uumh erx, ti ll'
..Imlru lfil1,l.!; s '~a l c ' pari \lllt'tc'l"II ln tlu- nondim enslonal form (:l. I I:J) becomes larg" over (
and li lt' clisll, 'rsivI·1." 1'Il1 ,IUl lilll1tC'S, tlms ~11C' abov e dill en-n tlal and d i lfl'n' llll~ ('IIIlIILious
l"t',llIl'c'l"
rlosIJl'I'1. il'I'ly, :lIUl themodifh-d fcnnhcrome s
The itupurtnut dilft'rI'Ilt'c· IJP1.wl'c'n (:I,15:l) and (:U5: l) is tlmt t he latter iii not sllhjed
t.1I ;In,l' t1i ll"t'1't'lll'illP; err or. Th at b , any solution of t he dilf"rl'n Liill equation (:I, lii l),
wlll'll ,liM'rdizI',l wil h i\ l1~' A.r aml il l , exac tly sat isfies l llt~ modifi ed differeuciug
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l'll lla ti ll ll (:I.I."i:I) lIS WI'1I , but uot. (a. lfI2), T llis eau I", fl' ;u l i l)' ,,!l"W II, SlIl' llUSitl.: Il l ...
solnt lon of (:J.l ii l ) is tI "" f j k" {.r- k~,. l). l) i ~ lTd,i ;-. i ll ,l!; it ~i\' "s
t hus WI' inrmrnliutely !IiL'll' (:I. I."i:I). Ii la-n- tll' lIol.'s i\ l) i rm' .lc,lt,a Inuct.iuu. So, 1.11<'
tl mt il is much Iwttt ~ r for hip;h Wil'lt~ llUlIlll'l"S aml is 11S ~lJl ll l <I s t Ill' IJrip;illal (:t, H!l)
[01' low wave numbers .
3.5.2 St ab ility.
The time st c'P is (lt~tl' rllli llc'll via stal,ilil y C"ulls;,I"ril l.i!ms. lnste.ul of I.IIC' IIlJlllill"i1 I"
srabillty, which is hard to dC 'al with. we m llsicJc '1" IH'I"I ~ tIl!' lillC'I<1' "~ 1. il h i l i ty l'fOI,I"1I1
correspo udiug to a linear II1mld equation
AI +OA r ·.,Arr,,"" lI,
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wln-re' (), tWi,e;ill lllly lJl'ill~ ("IJ - 21'11 - ,\A1 (co is t he linea l' phas e ~pet'(l relarlvo to
t ill' fllIi,l) ill ll ll~ IIlI{dV t"l'la l ioll (a,12g), is 1l0W ll"C'atcl l a~ it constant. Th is simply
i '';.~' II IW:; l,h.,l duriuK t lll ~ iul l',c;rill,illu uf till' mK.IV oquution, " (1 - 21'11 - ,\A1 remains
Illul"I' suml' limit , say 0, 'I'herofore, 11w rondltl on to he imposptl 011 tilt' 1,illltl step
t!.1 ful' 1,lw linccu- mod el ( :I, I F)~) is also valid for t ill' w m 'slJOlltlin,c; ml<dV "/1'11I1. iOIl
(a, 14;1),
11 (.1',1+ L3.1 ) - A(:I:,I - 6 / ) +2i06tP -l{k" F {II}}
-2 i l,'-1 {- sill (k~.~6 1 )P { A} } = U. (:1. 155)
W" wml1 t tl Hnd tln- r-oudit.iou under which a glvou wa ve do cs 1101 grow with tinn-.
'I'ln-n-Iore, w,' subs tit ute a wave of li,t ' f01'1lJ
iutu till' (a. IF)."i),when- 111 is th(' 1111mhl'Tor l im!' steps. Thi s gives
\\,111'1"1'
!(4./, k", O)= sill(- ~'~ ,.61) - k"Otl l.
(:l. 151i)
(:J.157)
Thesolutions of (;J. I."i(i) an-
I\=if±~. (a.l."iS)
T Ill' solution llsso ciakll with t lu - pI~~i ti\'<' si~n is 1,11t' pllysi..,]1IllI"], ' ;11 111 l ilt' "U Il'I' is
the eomputut lonalmode. II. is u l>\' iUllS t hat ti l\' SdH'1l1l' (:I, I.!"I!!) is I'HIlllitiulliltl,\' sla ],!l'
if and only if f is rea l and Il'lis 1,11 ;111 I II Il' ill Il Hl~n i l Ut II'. ' I'hr-n-fun-, \\"1' IWI'II 1,(1lind tln-
If (" ', "",OII < I (:I,l ."i!I)
is tr ue fur all k", 11 = O, ± I, ·',±N. T h(' ll lUSt St'\'l' I't· cUllsl ,m i l lt 1111 L::1 / is fi l l'
kN:= ±./!:::. ;r whlrh me t ilt' l'lrgl'lil.in 1 1l ;1 ~n i L II I I I "
\VI' rowrlt o f I"~ 11 Iunc riou tlf Ii = - ,_L::11 k~
f( li, kN,OJ:=sin(lll - ( _I,:~k:"
ami note lhi~t f is rupidly oSf'illiltiliAwillI f" Siu t:t~ () and .~ ulw..y,~ IlilV!'t ill' SillIII' si~lI,
f(b ) = - f (- li). I f f = 0 til l ' f'urrl'S1'"l1< lillP; WilVI' wouhl br- a sl,;lti" IIi1l'y, nJII ,~ lali l
tha t till'!'!' exists a value of bt" I ~OI' rl's l'<l r lfli li /!; 111 lI r.. lirsl int , 'rso'd iun I"'lw o,t'u f a...1
eit her - I or I, beyond which t ill' '~"llI 1il io li 111< I lIIi~lJ1. I", Vi"I.i1,I"1. FiAtlr!' ;\..'j
shows the plot of I for (-.~ ) > 0 an.l 0 > (I. II. !"an l u~ SI'I'1I I,frill , fur any I, ,.-'I~ I j :I. I ."i!JJ
ill, j -
· 1 ' ---
Fip;llrt· :1..1: 'I'll., plut of Funct ion J(b,~~N ,O). T he first inters ection /10 with - I is tIl\'
ni1.C'1'i"11
i~ P;II1ITaIl1.,'I,.I , wlu-n- 1'0 i~ tI\(' fi rst ro ot or
~ in(IJ ) - (_I~. ~k~, = - 1.
T lll'n{urt' , 1.I1t' ~til)' ili t.1' I'vlI.liliou b)ld III' (fur k.v = +rr/Ax) 11:<
In prm-t.ir-•.,!i./ i ~ tilk" 11 a~ "hun t il (plar l1'r oftll1' va hl'~ giVl'1l by O1.l50). Tests show
l l li ~ i.• 11 '[." 1'1111,1'. T Ilt' scl lt'll w will lx-conu- uustubh- for 6./. app roaching t ill' rriterion.
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3 .5.3 T es t .
nllld itinllS on llll,lil'lil lwu l il1lc' I.-vs-ls welirst II"" il (" rw<ln l li "w ,,1,,1' I" lulm lwl' tl ...
amll +AI" WI' 1111rmh LI'{·lm lr h'vl'!ll i l l f -16/1Il1t11 + ~A. / . ;,S a""r i '~''S "f ;" ljan'1I1
levels, and calril lalt · unc- sk I' 1111 til h'wl l + ';iAI. T llt'll l,v" n'v;iuj!,f ~ ~ ·ll .1 1 {AI
all<l l +4A.l. J +;6 t, IVj' gu I.lw k III Il"w ll< I lUl,lt +AI IIl10l 1111........1 ti l<" C"i,ku lllli"n
~·run·llll' Ilro,;UlI1I KUV wa.", IIsnl l.c, ,,.. l w IH,r m",IV '''I ' l lll i. ,11(:I.I :!X), it was
so liton AmI for two n llli, li tlp; lIlililuIl S.
~J
I. 1\. 0 I ,
": j \
Figu]"(' :l.li : TI'sLs uf th ,- 1Illl1wricnl solu tiuus (w it h :Il~ /-';rid ""int s al,,1 ,II = IUlll l)
against tho ana ly tic l'" lilar y li" llIl,io IiS. (a ). N lI lllO'rin, 1 all ' I ,m a lyl ,i",,1 s"I 'lt j"lls " f
l<dV equation. Both evolve Ircm LI<' sam, ' iuit.ial IVllV" .,r,,1 ;,n ' ill,lisl,iJlj.',llish,d .f,·
arkr 18UOO .~t<.'p s. (Ill. NlIllwrkllllllld uuulytival nJlli,li nJ.!; "'u li1."11 ",,,lut i' " IS "I' m J\rl V
r-quuti ou. 'I'll,' ll llllll'rkal 11';1\1" ",... 1iI,- is ;" , list inAnishahl, ' fro ll l 1.f,.. 1III"lye,kal ""[uti",,
ilfl"I" ' IOOOOO sl l' I'S,
Chapte r 4
Theory vs. Numerical Model
III<'I1<lV1.,-r :!, L111'1l 1l 1l11 '~ 'i nt I 1l I(l,II'J which is lISI, , 1 to ,;t llc1y t.llt' ~t'IJ< ' rat iotl 11111 t'v"lll1.j" n
"f I( :\V " 11'11" ,[.·s<Ti l,, ~ I. In d Hlpl " I' :1, t ilt, t1l('ordi l~1l1 '1IH,ly,,;:,; uf )UUp;, weakly uenllnoar
l<;W" I.ril 'p.-.I ill 11 ll"rir.tJll1.lll!y uniform v"l'Liflll <'xtt'liL IVilS 11("1";\'(',[ fulluwillp;Lt ~ , und
1I, 'n nl.~I( 'y, whkh iwli<'ill' s thut ll u' " \'Ulillioll of t Ill' WiW, OSis governed by ,tml\.[V
"li ll il l,j,, " . If 1llis 1.ll\"ur,\' is valid, it 1< lmul,1 lx- 11hit · to prcduco t h(' S, L1I1" fl 'at ll rl 'll of
i l l. l lu- n-nr ,, ( l i lt' fm ll t . lIuul inl'; lr IlwpagaLiull speed, or e.
\Vt- 1111'111 kuu-d i ll 1.I11' iutrodnctlon of chap ter :I tha t the theory WIi S dC'vl'lupl',1
hy LUll,!!; [l!JrJU. lmi."i , !!Ii::!] and Hr-ujnmin [I!)(j(i), ,111\1 ext r-uded by Be'nlll'Y [1!l6fiJ
;lud Lt,!<.t: IIt ' ;l r d s l, ')' [1!J7ol ]. Bt'1l111'}' derived a I\ t1Vcquutlou rill' IGWll. LI'(' ancl
illd ml"t1'HlIl-IIOllS., iu"._tl ,'If,',·(s 1,." ill l n"llw ill ~ a t hir<ll 'ill·;lllwtl'l". II.\" nm'! l;lri l,.c. t llis
1I 11 ~" "}' with la1.01"llt.'1I)' , 'X1WI·illwlIl.s and ol,." 'l·\·ilt.ioll ill l\lassa,.[I1ISl'th Ila.l", I.,.,. all,]
a front. Sinn' 1.11<'1"< ' IV<lS 11" 1l1."' ·1"\'ut.iuns u f 111 init ial \\' ,1\ .,. I,n olil.· t [wir ""Ill I"II'istln
WIIS "Il ly <l'llllit lltiw. (h 'III' t'i..: C;..i1l1sh"W [Im·t l) s(.lIdi"d t h,' -""'o"d '<>I"],'I' t. 1 ,,~ , r.1" "f
solitons ill SIIIlI111W lilli,Is ,",, 1,1,'riv ,-,11I1l':<'-'·" I" I·tlrd" r "uIT.,,·tions 1.0 ti lt' \\',' \',' pruli]"
and pllil:<" spl'l',l pn 'lli.-h ·d I,y ti ll' lirst -onh-r LI<"" ry. TI lt' '''·'·''1(Il-tl,..I' ·I' n, n ,·,-t.ioll
should ill1p ru VI' L1ll' lirst.-ordt'r t.h"'l r}".lou!.l11is wns not \"('l"ilil',1 h.\' n Ol llp<lristllIs lI" ilh
ul,sN Villi ulls , {'xp"ril1lt'llt.a l ur uuuu-rirnl 1"<osl lll.s ill t.lll·ir Il' '1u'r.
No U II I ~ 11'IS'-" llIhwlo'll fully unnliur-ar IIl1 Jrwrir ;,11I1' ldd lillJ,\ «f I,ll<'pnol,II'lII lISillJ.\
Ellh'r's t" lll11 liolis 1I1u l quautlt nj.ivoty "um pan 'll (Ill' 11" ,,1,,1 l"< 'sll1l.s with !.11l' 1I1 ''l 11',\'. 111
t his r-hnpu-rsl1<' 11 t'() lIl[ ml-i.~(J lls ar t' ,'a rrit·,! 0 111.. \Vl' w.uu. lo Sl'l' wlu-Lln-r !.Ill'l"· is J.\,,,,,I
(1'IIl11 t it ' lt iVl' ,,~rt'l 'll1c'lIl wlur t.11 '~ model rt'sll l1.s ;01< 111,·t./'n oill1' wlu-n , iIl,,1 lu'w uun-h,
UI('seomd-ordcr uoulim-arity i1l1pwVt's lllt' Hrxt-ordr-r K,IV I.Ilt'll'y, For t.his l'url' ''S' ',
wefirs t ('xt.rad , 11 temporal itllli hurixnutul var jntiun H(I., :t ) = A(I""I/",, (whid l \VI'
n-lcr lo ilS t it" wave profil(' ) r'-UIII t il" mUll'" tJlll-puL II ( / , r ) is Ih'(,I'l"Illilll',ll,y an
infinite SI'ril'S a ll'! h "I1 ':(~ n~1I lIut 1)(' (·u11Ip" t.(·r1I';'(;ll'lly. Illsl."ad i ll ' " l'l' rtJxillll,I," H
profile is r-alculatod. T Ilt' aPl'l'u xill1alitJll IIM,r! t.ll liud II varh-s with a. T hIlS, st lit' lI.y
1.llis ap I'I'OXi lll'll i,," is IlIml". 'I'l l" val i,lity of t il" ill'PIUXilllilt ioll l., illrlinl1."d hy smull
\'Olri lO l.i"IIS»r 1J wit.lr ~.I . 'I'll,' " xlnod ioll of II Ills" inv olves t h,' s"I"dioli of fl l)! ill
rail).!," " f vidll'OS of /l ' ,n <ire' 1'0.~s il, I,-. Th is is ,lull" ill SC,,·tOIi ·1.1. III s",·t i" l1-I.~ , 'Ill
,·[fi,·i' ·lI1.n ·.~"lll ti"'1 of III(' llm, I,,1 i.~ .~" I ( 'd ,'c1 1Ia.s",11J1I l"s1. runs . T It"11 in Sl'I'l.io ll 4.:1
tI", ,1' ·I'il·,·d 1,Ill'llr",\' is ('ul11l';II'\'d with !.Ill' mud,'1l"losllils fur diff,'rt' lI1. hill'k)!;I'Ollll' [ sla t"s .
illl,1 ,lisn lssi'lIl Iollows,
III I.lw f(JlI"wi ll~ , 1111' Wit\'(, pro fil, 's <ire' Ils llilily ,h'll" I,,,[ hy t wu 1111 1111)('l"s. P..e;.
II:I:llLl O, d ,,,. T Ill' lirsl, 11111111",1' [i.e., :ttU) illdin ll.l's till' Iwight :;J at which 1I11' wan'
is 'l"'ilslln"I . " 'lfl t l", s""on,1 {l.e., 10) is 1I1('oulpll1.uumlx-r ill,lir lll il1,l; t.lu- l illll'lJf
,·\-"llIl i"n (;11'1,11,,1 lillll' I",illjl; [f;n Os 1lI11 lt i[llil'd by III is 1I111ll1,,'r). Ot.lwr sllh sfTipl,s IW'y
I,,· Hl li1<'lu,,1 wlu-n 11<" ·'·" SS"l"y.
4.1 Extraction of wave profile
TIll' IIMI"I 1( : \Vs i tl1 .~ totlOS III<'pn'ssun- .e;r'ltli" lIl lid d, LIlt' donsity fid eland lire' \·,-Icwity
fh-ld: ,\ \\"11'" prllli1l·mns! I", .'x l,r'1l'l,·d Ircm t Ill' modelout put for romparisou. T his
, 'i11l Ill' ,11 1111' 1,.\' ll.~itl~ [H'I'111rha t ioll ('xp'l l1sic/lls (a . I~(i ) 1111f1 ( a. ]~ 7) . lrividing (:J.l ~()l
S']
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( 1.1 )
( ·I.~l
whirh i s t ill' Il1KdV "'p t ' l ~iuu . lld,lt i" ll S ( '1.1) ;111.1 1'1.~) ar t' (·Xill'1.. TIll' i/". 01 1111 ,/./ till
t unns of a rh-pth i llr l('IJt ~ IIl I"l l t wave I,ro l i l( ~ /I (l , ~: ) aud t il(' w-rt.ir-al I'HUI,'S ",i,i , II
should Ill' ;tlsu poilllt'd out thut LIII' tlwo rd .inl l ,1..rivi.ti,m ;ISSll il ll 'S 11..,1. only il sillp,l,'
llulilirl<'llrity wi ll n'~ll l l. ill tl u' V;C 'IWfillioll o( lri.c;llC'r111l>cl(' \\' IlVC'!' {m ilia I1lUd,'-Ol11'wa vr-,
ilm pl itud, ' l<illn', I lC'n l ll~" of tlll' Il,mliw 'ilr terms ill (,l. ~). H il<1I0 t 11.d irc'r t l1\1'a~rrn'
o( lite' illll pli tlll l" . A~ will 1>1 ' l<lrmVll, ,~ r.o is nut lI11i' !IIl' a 11ft ,Iir(('rt'llt cl lo in'~ of it
i ,~C' I,yc · r rallli ·~ I'\;l n ·r l ll ' r rl .~ .
III tlw rulluwillll; , WC'will uluuin IJ (rum til(' t1"rr:o;ity I'I'rt1l1·!>at.ioll ra tllcor th-m
from I.h,· ~h " illl r (rrll C"1,iu ll I'n t.llrh' ltifJlt, '1'11(' reason is that tire ' model out put mnkes it
C'i1SY to .b-tonntno /1/" T lrc' st.n-am furlClion pcrturhnt.ion would iiI' hanh-rto rnh-nluu-.
4 .1.1 About t he wa ve pro file B(t, :/:)
WC' huve shown ill f'lI,lptc' r :\ that 1.lw vcr f.iralmodes ,piJ have thr- form
Wlll'l'I' ,/,"Jo im' l'<Irtil"lrfMsulliticlIISO( ill II Ol11()~('l1t'()llS c',!llil.tiullS, Il't Nmil rl',1by q1JiJ*{O) =
~"~·J ·(O) = 0 ,Hill n iJ MI' arhitrnry ('OIlSt<l1tS 1I1111tiplyillg th e homogeneous solut ion tjJ .
The luvolvvmoutuf (l iJ ill f~'i.; illd in ll,'S t hal dirr('rt'nt oi J dl 'lilli' dilf l'tt' llt B . To :0;"1'
86
'I" = lJo/J+ IJ2(,O[¢>l 'U'+ (111.01 + ~)t.~ _ ,(1\,::), "~~] + Hr ,.,,:",1-l- I { ' ,.?J"I .(II 1, r ..
(H+/l ,.IIH2)r/> + 1i 2 ('u /~I ,".
where E 1 ,o. is f) 1,ll wil li 0 1.01 =0, H Nn is t.11l' sullltiull fur " I," = II lind II" is Hie'
so luti on fo r a Il UIHWI'O 0 1,.. , it is (Iuit" rlour that /III :f.II.. ;ll1ol
(-I.ti)
to til" firs t urder (R"" , e2,o, ('L,' a rt' a lso l'11i1IIA,',1wllidl \\"",1,1iul.n" I,ll'" IliAII'-r " 1',1"1
C'orr('diol\S lu (,Ui)), TIlt' llotl-di llWllSiunilllllajl;lI it.II'lo- uf II" aw l 1/.. a l"" 0 (1), tl n-,""





















Fip;lIrl"I.l: I';;' } wit h N}(:.;) for llitr('I'('llt ol ·';'s. (.1). /o.' 1,U( :;) for dilr",n'llt values or 0 1,°.
T Ilt' "I.n vah lO's ,m ' ]lrt's t'lI h',J ilS tln- keys. (II ). EU,I(:;) ror di lrl' J"t'llt v 'l lll( 'S or n ll.l
pn's('lI11',1 as I,ll<' k"YIl. 1·.~1,l is illl lC'I" 'IIl I" lIt or n 1.U. [r-]. p'l .O(::) fur clirr"rc'ul values
" I' , \'l,e>prc'S"ll l ,,~ 1 . IS tlu- keys, wlrh (l l ,n = - O.OOa lixl',1 (FY'u \1C'[JI'l\Cls 0\1 n l))), Nol l'
1.11;11 it is ['",.sil,l" 10 11'1, 1~'1.n.8"·1 nnd /o.'l ,U havu a conuuonroot.
ss
ll.UllQI ,---.--~--r---r---"--T-· · -- · · ·r-
fo;2 ~'
(U,- 2_t,...on
-U.UOU l 1I.IMMHlI< -
O.IJ(••'~ ••
- lI .l"" .~I -
100
Fij.\Iln! ,I. I : ( '''lIti ru " ,.
/ ..' 2'U w i l !l , l i lrl' rt 'lI t n i .j ill fi g ll f l' '1.1, rllrl.lw slral.ifinll.illll Nj(::: )j.\ i wlI l ,y (:!.:I!t) . II is
root . For il gi vt' li N2(: ), t Ill' roo ls vru-yas .-.l''',n'' ,1 :lII d n 'l,,, d ':lll).',' · ( n" l" t l lil l, r"l"
S!J
('I.i)
st-L 'I'l lis I,run 'dun' nray 1", r" jlc"I(',(! ill ,III)' o1. hc~r .I"pth, SilY ::::~ . hilL 1,1 1\' rPlilllli lll!;
JI at :; 'l will !.,' r1ilfc'n'I11.from thaI, 1I1"llSUl'<'11<It:;, . T his is 1ll'l"iU IS", all holll!;ll nl, Uis
lix. ',I••)I.III'I·" " ; 1I'I'IC'1.C) 1,,' mlj llsl,,'d 1.tl rnil kl' ::~ il rouuuun mulof D',i. T I"'st', lilf"n' 111
n i .i 1.I ,lIs givc' il diffC'ft'lI l. tt , III .~h"r t, IJ I' rofiJ,..~ ' ·Ulllpll1.",[ at 11 11 )' . lc'pLlI I I.~illp; (.I.i )
1"1'<)111 anor.ln-r I'"i nt tor view, if IV" k,'C'I' fl;.... 11lld w fll!P <l illlll iISSIHlll' th at III
lI1<'ilsll1"< ,.1nt s,u lI'·'["I ,1.11::::1 is 1.1)(' profif" rOI'lhis fl'') sr-t, Ii prolilos ill,proxilllil t!·t1 ill
,,!,IIt'1" d.' pl,lis IIsing 1.1 1<' lirst. two u-nnsof (,1.1) may t.lu-uI,.. n 'p;ilrtl,·t! as 1ll' prm:iuHltions
l,tI Hr, siw'c' I1UI\' 1.llt'11t'.u; I,'c·lc·d hi,v;ll< ·r un], 'r I;;;,i an ' nuu-zcru.
Sinn ' '1111' ililill)'s is is cHrTi.',j out lip lu t il(' sl,,'und unl ,' r ill (, 1.llI' fI'Sllt ilig mK, lV
C'(lll ilt ioll (.1.:1) dC'I U'llds only " II nUl (.\ is" r\l1wliuHuf o ' J'), hcmet· is all tlPfll'O:filll flfr
.'I'ulllti " " "' I'Wli" lI (lr UIl' \\',1\'" pmfil., IJ. T llis <ll'proxillla tiuli is il1l1"Ill'lld,'ul of "tl Il'T
,," ). 11" <'1 IIlSI' ti ll' ('\'l/Illl illll C'qllill,iull is ;111 ill'pruxi mal l' ,m,' it is SI'IlSl'Ii."S to worr y
id'ulll uhl.aillillp; If I'xad l)', TI lliS Ill) roncluslon "im Iw 1I1 11 ,j( ~ "oll<'t~l'nill ,e; at whkh
!IO
l 'X1H'l'l l'd in nll'I I'<irison .
In p.:}) au.l p .I;) , \\",' 11il\'p SII<>\\" 11 Illl\\' dil r"I" lIl n 1." ,]l'Iill\' di lrn"1t 1 /I , ' \ 11
(1"I)ll l IIsin~ P,i) illlll lllo Ul"1. Abu plol.1,',1 is Nn,'. ~ 1 -l-n.uo:1If;;"ort, Si lln 'Ill!' '''' Ioil.
used is i\I.~O" rout ur1;;1," [fur ,,1," = U). (,U i) is ;IlT llr;l l,' "I' to i, l 1"i1sl, 1,11t' l l1ir,1
onh-r ill r • [ II l ll\' l i~lI n ' Uu and Uo". ,:\ + II.IJO:I IJ,;'l.,,' un- i n d i ,~ l.i ll~ ll i s !l ; '[ '[ ,',
\Vllilp , lifrc' n 'nl, nUl I'xlrad, dilfr-re-nt. N, tlu- \\ 'il\'" I'rul'a,~"I ,iou ill IIII' Iw ,'] ,·1
" IS') 1>1' ilpPl'oxi tl li, l.d y illd"I" 'II,j,' III, uf f t ' ,!! in 1 ll'l ', liditl~ till' prIJI'i1j!;"tiull, T his will
hetcsu-d luu-r . IIN c" we jus t wnut tu pili II!. 0111, H " l'lIr i,,1 l'oill t almul. 1.1", t,lu'" I'.\'
i ll advanrt-. T IU' tlll' {)l'}' says that tlw l,(jl; t! 1I0 1lIilit' 1ll' [!rupal:atiull ,~ [!",'d III' I,(j lilt'
s ,', 'oll d on lc' r (as ill Lhr- IllI\dV "' I"llt,j,m) is ( '" f ) - df ~· ,\t 'II /1~ ), ;11,01 1",I.1t If i11 11 1
..\ dt' lJl'lI(1 011nl ,u, Hand ..\ dIM1P; " wil l. n l,,, ill surh il way tllill l.Il(' 111'1, ,'!I:IlI.!!,' · in
( '0( [ - rl-l- ..\f'oll~) is ver y sll,al l. O n thr- utlu-r h.nnl, tit" t." I,;,l llIllllitw;,r sl,,·,·,l l'l'
t' t]lIal1u ll ) is 1'11(1 - rll) , which is ulovi"us ly St'llsiti",' to n ' ,01 sill"" only U , I"I" "" ls
un O' ·U. Tlu 'n{ur l' , it is anf.i..ip'Lt l'd 1I1i1l 1.1 1t' lttl\ dV 1.I1l'''l',y may 1",1.1."1' ' ["snil ", 1.11"
!Jl
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Figurt · ,1.2: COll1parison of lJ 's measured <It the saute depth for d irT.rent OLD, fi ""
O.OIll /.~ , f·O '" O.~Jlj5111/"'. (a) . 8 1,0(:) with Ni(z) for 0: 1,0 '" 0 (1" '\ 0",0 == 0.003. (b).
l1u, H\l.I_~1 111111 11", ,,. "" Un.om+ O.OO :I H~.no)J at tl1l' S;HlIC llt'plh z == 3:13.8,18111 and
ulIl l' ul·1. Nul ,' 1,]1ill 110 and 0", ,,. waves a lmos t overlay r-ach othe r. (c). Smile as in
(h), "xn 'pl Ior output 10.
('\UllltitJll of WHVe' II Ill'n1tl,~ " it !S polo" IIiall)" h,ss ""Il,~il i v,' 10 tln- d lilll,l',e' <If"I.". TI,i.,
willlwsIUI\\'u t" I"' I,II" "ilso',
4.1.2 D ep th in de pende nc e (If tho wave p rofil e
11.wouldlu- d''Hirilhl,' Loshuw t h'll. ful' li x, ~1 n ' '' , l.lu' ilS,\"111 pl" I,i,·, ·.'\pansilllls ( I,.'", ) ;1110 1
(<I.fi) ,II"<' \'alid lIy slltlwi ll~ thaI. I.h,' Silllll' H is ,,1I1.lIill,'<1 1'''1'0'<11" 11 : wh " 11 Ih,' illlillilo'
s"l'il-s [d.Ii] is solved. Uufortuuutr-ly, t.ln-n-is nu \\'<I,\' 10 1'"h'. ' lhis ildillil " l",r,,'s, TI ll'
IIsillj!; lh,' first 1.\\111 terms .
Th, ' first 1.\\1<" t"l' II\S lit,' 11 goo,1 nppruxjumtjuu I" t.Ill' whoh- " xpa nsi"l1 IIl1l,\' if
1.111' ilsslJl"iill ,'d truur-ation ,'1'l'IIr i.~ ,'llwl1.i.r-
is true. Actually, t ill' ter-ms ill f 111"1 ' ,h -Sfl' llIlill).!; , i.e-. 11</, #' 1I1/~'I,(j ,.;.' H'/·? ,", Jlul
/11B] ,11 ~ Orr/:,"'4 I,1 is tnll' uuly if f ;::s.. /1, l ' ~ fur l"l l).!; W<l Vl'S, W IIt'Ii WiIW" un- "X1.wlrl<'ly
shur L ( " '~' il "[.'·c'lI Ircru o r uudular ],,,n' , Pl.,' ) it is Illmsild,' 1'''1'H,'rl',"'" 1.l1 I", tlll',L\" "
l101l11 112e l, ll , T hill' t.lu- illlllrullimalio ll is villid for <III :: only for wav,,,, which i ll '"
sulflck-ntly long,
i\S,~l1l11i l1,l!; th at (1I,g) is true fur our WilV"S So 1.111'1. 1.111' lirxt t wo I." I·UIS ill (<l.l' is
(·U l)
which ~iVt's solll t il!lIs
(.1.In )
Of till' I,WfJ ro" Ls, only III ( wit h t il,' pu.~ it i vl · s i~lI ) is iIl'("('pta lJl,,_ By IIsi lig~ =
1+ rl"2 + .r~rl +._., 1,11l' rout s a n'
II, P,III
(ll n -iuusl )'. \\'111"11 I~' LII ..... 0, H~ 1;(J( -.~ t.tlilliini ty, II'hi1,' HI rorovers t Ill' solutjon fJ =wlr/J
" f CI.!I). T hus W" S"I,-,-I, 1/ p;iwil hy
-¢+~
H 2B 1.0 -
E'111111i'11I (·U :!) ind lld,'s HII' undctcnniurd (11.0. For ]"('111 H, (fLO must satisfy
'"(s) " ,I""" " IN' j,,, ( S )1\ - ---- - + -, - for IJ,t 0
? ·11/01 '" eo 2coN 2 ?:
l li l"llll ~h l,h,' enti n- .k-pth. T his is valid only if 'I" has tho same sigu throughout t he
" Ill in' lle'I'I,h , whichis j:!;naJ·'IIl1.1','d silln' we un: l'ollsid" rillg mod e (JIll' waves (Noll' t hilt
!H
ta ke UI< 'UP1Wf I'IIS,'.
Cund ition (.1.l-l] 111'lll'II,ls 011 ,/,,(1:J', =) which is \'Mia]'1,' fl,r dill" I"\ 'II1-I1,,\\·s. 1';\""11
ou tpu ts may not work for later outputs. 'l'ln-n-forc, it is dl's irah lt' til lim l II ni ti r.d
deu-nninud hy
( 1.1;;)
thus lhf' f"OllI litiuli for 0,1,0 is
(,I. [( i)
Obviously, xm-h a noLU '~II S lirt'l< I.I ll ~ sllival.i lily uf n 'lll H, Nutl' LIll i I, ('1.1:..) alld ('1.H)
lin' unly valid fur lIUlI-jll'f(l N1(:::). If N1(:::) ~lJl'S t" n 111,1,,1'.' SlI m " rl,'pt h z" 1'.'" will
require t h at they huld ill iI rI '~itJlI wIlen ' N1(:::) > /I' for .~(J IlI" smal l 11si ll...· ~',h
herr ('ulIl]JIIlatioll ill pruh k ms a ri st' wln-n N1 ( .: ) is t"" sm al l.
CUlrd iliull (~ .I {j) may hI' lUllstrOll,!!; for lndlv ldunl flows wil l. slllal1l,/.,(lj:r,::)I,
the examples given lat er, fur rll l1v,'rr i "l1 " (~, n l ~l is 1101 f1'slr id ,'<l lu Uris nm rlil iwr.
!J.'i
It ~h ll ll id Iw .dHIl lIut('<lt ll'lt II(lt all (11,0 S o: ,U,IW 1I ,~lthh ' . [f (1'1,U glw~ to -00,
t.ln- IL~Yll l p l.utk ( 'Xt Hlll ~ i llu wunld Ill' 110 lung('f valid Sillrf' higllf'f orde r u-nuswould
1" ....JIIl<' larp;", II, i~ illlpuHHi bl" 1.(> fillll Il. 1011'1'1' limit for 01.0 h f'fll Il S(' or tIl(' inherent
arb i l. r'II'ill" .~H of 1.1)(' expansiou pmn'Hs. Thil l', it is sa fl' to dIOOSf' a va [III' of 0 1,11 which
[IIordor Iu show th at1.11e ap[l1'Oximltt.·/J obtained uliiur, ('1.1:1)is approxlmatoly
iwl"lH'n,h'lIt of 1.111' v<LIlIl' uf :: nsa-d ill (-1.1:1), WI' set 0 ,,11 to 0 :,11 which is - O.007i4
fur t Ilt, Slll ll Ol.1i Nt (::), uml plot ill rigl\n' ,1.:1 B's uh1.airll',1 at . I il rl~n' n t depths (S(,I~
a lso t i ~u1'( ' 'UJ, I\,e;UI'(' <I.ll, figllrl' 'l.I rl, flguro ,1.18 alit] figure 'l. l0, (' t (~, ) within tho
sl. 1'lIlif i,· '] lIpp" I' lay,'l', l,d Ul' illld af t ,' r the undular here appcara. Thl' Illagllitll l!<' of
t ill' .liscn'l' iUl<'YI",I.\\'I'{' II 1/'" obtnlued using (<1 .1:) at diffel'eut 1].' pU,S IICPI'lIlls 0111I l(~
assodl 'l.l',1 tl'lIl1"al,ioll I'I'WI', \VII.'l1t ]lt' truncat ion ('1'1'0 1'got·s to zero, th l's,' 1J' ~ should
l'ulI\'l' rg" ttl tln- oxact IJ 11I'uHII', an d vk l' versa. It seem s t hat eVI'1l ill the undulnr
!tul'< ' ,~ l il A" ti ll' tr umnticn C' ITOI' is small , LI' , lJ2 E I,o > fJ".,EII,I. It call he S('('II tl ml
/I i ,~ nlUp;h ly indq ll'rrt!t'III,uf ::, I'Sp l' d il ll y at t he wave Front. The dlsc rcpaucy t here
is .hll' t" !.lIP t runcation 1'1'1'01'. At t he W1\W tai l, the l:Js Irom dilfereut depths iH I'
.Htlc-rour, Thi s is l' i1. llO'r because th e wavetall is over the han k edge (around e S 0)
WIll'II' 1.1", 11"p th is non-unlfunn nut! llll' iumlyliis ' \01"1\ not apply , or because IV,lVI' S of
!}{i
(
Ftguro 4.;J: Dept h ill d llP P tl d t~Ill'l' tJ r IJ profih ~ with tll! ~ s !HlJu l ll N f(:: ), H~ '" '" - 1J.lJU7H .
(Il). B 's at <!70m , aOOm,:tll)m nl, 111ItPll1.4. ( II). Sallw as ill (a) {·xn ·p l ili. oll t Pli t Ill.
!J7
Nuw we woulll llkc- to slllt1 ll1ar i ~w wll"1. Wl' did ill llll' ilhoVI'" \V" firs t sugg,'Stl'l l
LII..I, r" I' II li:-wl i .. I .U, /I n~kll l ill ", 1 ,d, lilly d" ploh llsing th" first t wo 1.l'r11lS uf t il<'
i111 itl' flrllxilllat i' !11 to Lln- WRV" p w lill' il l otln-r dl'pths. liowevc-r, 1"'''HllS'' t lw 111 1\",IV
"q llill,ioll is o lily 1111 <Iplm,xill1al ,' evolution "q u iltio ll for IJ, it is 1101 n it i"u1 to haw
un r-xur-t /I . Ne-xt., a nJm lititJ lI Will' fOllw l for n 1,u whiuh I'l,su n's t Il(' solvahi lity uf n -ul
/I s fr"111 (.1.1:1). Fiuully, WI, ShOWI', I 1.hil t H is ilpp roxi l1lillt'1y II" pt l1 iru!l'p" llll" l1t for a
IiXl" l n i ,J sl' t .
T ill' WiIV,' lll'u lil,' /I is l1l,'11Sllrt,cl From t ill' untput uf IGWsi m by iL(: - ' :0 <1 " l 'I ~HT.
An,"I ' II( /;, .r) is " I,t llim"l llt 1'1\1"11 output l illH'(i = i ~ t it" output numlx-r}, WI' d l(JUS(' H
slHlJ"th HUh ,r) at .~l llll " initial sli lgl' iL.~ an init ia l eundlt lon lJinj'i",(I, .r ] a nd sol\'!' t ill'
H rmupurisuu is uuuh- 1", 1.\1'1'1' 11 H and fJlI...,,, ~ , hoth uf which have evolve! from till'
tl ll'if l'l,la t iu tls. C-m d, 's EI(: , I\"DV, PERT ami COMP art ' i l1l C'gra l, '(1 as a whole
thus for m a ll iHw lr sis modolwhich is l"t'f,'rr l'l! l o as I(;Wa lla ( IUlt' r na l G ra vit y WiLve
At\;l ly~ i ~ l l ll' rt ·ilfl.·t . 1<:\Vil ll'I I " k,'~ li lt' ,lulI1'lill ;l1ltl lo,...k~r\lll llt l p;. r;' 1l1O''''r ~ f" ' lIl ll ...
"I" n ujI fill' \If 1<:\V~illl ilnd r akl ll,tll'S lh ,' \"rlin,l mll,I,'lI Ill' I.. Ih, · so'nlll,l un !.·r in
I aud t l1O' ils....,..iilll'li lLulllin'·...r/ ,lisp, ·nli\·,· ''lll-[Ik ipnls. " pr"lil ,'S nn- 1l ""'SIl Il ~1 a l
sd t'rlc' tl tl"pl ln; froml 1f: \Vsim tll'us ily lit-ItI IIUll'll ls <111'1 ' Ill iuit.ia l \1";1\"1' is d"'",·ll.
T lwll, l h ,~ , I't 'l i " al 1.;.IVfmKdV WI' ''''S " \'\,h 'illVo fru lll lilt' illiti ;.1 1\'11\ '" 1' 1'1' n>1 l1l' lI l.~J.
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I
Figurl''IA: Tho skdch of IGWalla model working now.
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4 .2 R esol ution test
T he n.'sol"tirlll "f tl ll' model rnu I,,· wr-it tc-uill' ( ~J ,~ ;; . dl ) . III "Il l" 1"I 1l1 ~ . ~.r ""
LI I is uniform uud
Ll= = ( II _ 1I(:r ))__A_. - ",'
1+ 11,8. ,/
(.1.17)
1I10(ld iN ha.,'it'd IIPOli the pru jl'f1.iull 1lll't1m,j d"sn ilw,1 ill ,'lI lI pl.' ·I" :t. Tl w pwjl" 'l,i" u
11 lat rix is a [/ (.1- 1l)x[ / (J - Il] l1l1ttri x. l' rujld itlJ(11 J( il " ' l1 How 1i" j,l t"1l , 1iVl'l" ,L!, I ' Il 1. ·rn ~ '
a t each tlmc step . Memory requirI'1l1('1l1s ure 0 ( / .11 ) fm'I.ln· LI t ,1,'roIIl IJU-;itil ' II I,f till '
block tridiugoual projertlonmatrlx. \VIll'1l I 111 111.f ar!' lar ,l!;(' it rUIl],1 talw l"o IUII,I!; 1.0
run the mOlIl'! for tiXNI Illalltl '1'. No t,I' tl.al. •lllllhlill,l!; .1 will i rH'r " HSI' 1.11<' n ;k ll l;d.i ll ,L!,
ope ration hy a factor of leu r if //1 is lliwhan w,d i' lI<ll llllUlrll l' l" IIwmllr.v ...·'1" i ro·rl l<'rl1,s
for tlu- projoctlon matrix . Thus llw cornJlI I1.lLljo lllll l 'X PI~ IISI ' is very sPlisi l ivl' l o .I .
Th eor eti cally, t ho hlgher thr- rcsulu tj ou (i .I'. , l lll' sl rmlll 'r !1 ;r, !1 :: al l<1 d' ), l lll' I,dt,' r
WI
tl", IItJlIU·ri....I I't· :O; II Il.~ . WI'would lik, ~ 1.0, :h"os( ~ .. resolution which is high enough for
ou r I'r"bh:lIl, ;,lItl ilt th« Si.. II" t illIt:, ,Io('s not tak" lon IUlIp; to finish l~ T = 160[10.•
I"UII , Sum " l"< 'l<lI hs fu r ,lilf" rt:lIl r"s"I "tiollS urc giVl'1l below in tig lll'('l< ,I.!'i-,l,i. TIlt'
,1" lIsity sl.r;,l ifin, ti" n IIsl:,1 foe l1WStl lI::< t mna is l l)(' slt'pwis(' Nt(;; ) p;ivt'l1 hy (:t.:18),
1.1", .~l'id t ·d illllplil.lI,l" uf til<',l!;'·II" f .d " .. 1 Wil Vl'1'Iis a],ou t ( = 0,0/1 (rorrt'l'polldillP;to that
or I.lll' 1IlIHI('ra1.1'f"r dug nlst' ) and lo ll{' tenuinulluu-kground now is ii = O.lfH mi s,
It is f" III1,1 L11.,t 1.1", lIunlPl is fairly illst'lisitiw to t::.; n-sclutlon WIWll,/ ::: '10,
,' x"" pl, a small philS(' shirting (liglll"l ' 4/1). T his is guotl II('W:< :<il ll"I' WI'do not hlLY( '
I,u tukr - a lal'p;,' .J which would .~i /!;lI i fi r ll ll t ly lucreaso the amount or l:'ak liliLt iull. TIlt'
Im"ld i.~ !IIUf( ' st'JI:<i t iVl' l ,tI 6 :1' rosolut.icn [ Hgnro -t.tl] , and wlrh II low 1"('sOllll ioll t ilt'
unnh-l o-rtuinly ran tlut n lpt lll"l' 1I1<1s1. or tho Wi\Vt'r('iL1.U I'('S. llowovor , when 6 x :$ ,10m
[or I 2:: 10tlO), t his s,'usitivity ,1 "t'1'l'l~'K':< 11 groat ,1"il1. It is also 110t(,(\ tha t tho lntual
Wa\'l':< OIl. '1lI 1,p Il L ,I are- slip;hl1y di trt'rt' lIl fill ' both Llz '11It1 Ll:1' tests. Su nil' of li lt'
('I) illl , l l i~l l n ' -l.Ii (il) sllMt·1<1. thut this , ~ J f('rt is smnll. As for Ill, all runs ha d tl ll ~ samo
tiun- s t.I'p ,/I =:!)'IS unriluntpnt ,I Sll tlI<11 ti ll' ini tial s tate fOI" tl u- tests is exactl y the
SilltH'( lip;lIrt,.I.i ). '1'111' l il11l' st,·!, fur t lu- 1'11 11 with (ll = 8$ actually varies around 111'1
IWnllISI'S:< is 1I"1lr tlu- n Ull' Sll'l' rl'Stridinll (:l.:J5). The 'I£'lual lill1t~ steps for uUll'r
rU11 1< an ilS indlruted Ity till' il1.lad"'d la1wls, As r-an 11£' Se('II, altho ugh tln- model i:<
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lllll.j .... llo 111('\'llrialiul1 ur .fI . lilt- "", ..Illl n>n \-,-r,::,-,w,- '1 II id;;l~' ill IIll"limi t .fI --0 II.
Ba lll'(1on l!t(" ahuV<·\.", lll, a 1"< -1l"11Iti,, .. n .rr""' l" " " lill ,( tl> ( I = :'111:-;,, 1 = -ItJ, .II :;;;:
2. )".)has !W("1l lOI·I,-ell..1 rur all I III' r"lIuwin~ runs. T IIP " I" ,n ' 1,.,.1 r llUli 1111~'.,.1 IIMI ;,1
T hill illl pli.'li t l1ll1 lilly , lilrl-n-,w l"!iill ;lll1l' li l ll, I, - ';' '' '11 1•.-1 \\"" 11 I In- 1ll,,,"'1 .-.,.111111 "11.1
till' I\ IIV Iml\ dV llulll l iulill I" t t,r " II un- rhu- tu till' i l l' ll rox i 11l;1 1. iIl1l ~ 111,,,11, ill till' \\"'a k ly
no ulinear t lwori" ll iLl1 lll1l1t l.u nuuu-..it-..1Ilillllil'il liulI . \Vi LiI l h i~ ""li"l nLil1ll, till' 1Il,,, !t'1
n "!iult,li a re ncar wlrnt WiliIII II(' "hlaill,..1 wlu-u 1,.1 .....00 llwl .Il - , II,
I{" so lu t iull l.'Sl.~ wen- id s" . IUIlI' ru r I;u ,!!;,'r waV'"!i wit h, ... 11.17 (,·" rr '"!iI" ' II,li lll!.
to thl' st ru ng rurdll~ "<1 11" )' S illli liU r"1l1l1L~ w,' rl' "lol a i." ..1 hut ;,n ' nul SI,"WIi I" ' n ,,
whirl , lndiea t« t ha t ti ll' ill,,,\,.· n ,.wh' lliull is lil ill t rue' Iur \I'J,V("!i wit ll' .....11.117.
.>:1:---- - ---
1" " 0" "" 0" 11 """ ' OOOU '''<100 2 1000 2'000 ~ ) O O O HO~O "'0 00
., ..,
FiAllrl' II..'): ( :mnpnrislJlI h,'l\\'t't'li modcln-snlts for dilf"I'(' lll .J while I is OXI'd to 1024
uud rll iN IiM'11 Iu 2..'i. T Ill' su-atl flcati on is the stepwise Nl (::), and a l, l) = -0.005.
It = lJ.~ :I:lIII / ..., I·U= 2. rJ O~III /.~ . TIll' compan-d waves an, measured at:: = :)<10111, (a) .
I f:; aI, " l1lplll, .1. (II). H's III out put 10.
1' , 0 0 0 1 M" '" " "00 ,",,,'u
~ I ~I
Figu re -1.6: (;ol1lpl~ri Holl between model n ~.~lI lts rnr lJilrl,rl'l1t I whil,· .1 is fixl'd t il '10
and (It is fixed to 2.5, The st ra t ificat itlU is t ill' st l'pWiSI' Nt( :), ILllri nr. n "" -U.r l ll ~ .
j j = O .8;1;lmf.~,I·O = 2,!'j08111 f.~ . The I;olllp ;~n ~ d WILV1'S an' IIwl ~~ ll r,,( 1 a l :; "" :11fJlII, ( ;~ ),
H's at outp ut 'I. (Ii). H's ill output HI.
I fJ ~
Fip;l1fl' ,1.7:C(l11\pl ll'i ~ull Iw!.wI't·u111odd fl'~lIl t ~ for d i lren~lI t (ft while I is fixed to 1024
and .I i~ fixed tu ·10. Tim »trntiflrntion ls the stepwise Nl(z), and (\' 1,0 = - O.OO!i.
II = 1I.H:I:lm/ il,{·u = 2.:10ilmj._. '1'1](' compared waves are llWilSll fl'd III z = :J,IOm.
End l murll,l run 1I~I 'S t Ill' Sl1.!l ll' tinn- ~ tt' p el = 2.5.• ullti l outpu t 'I. (n.). TIll' init ial
Ilc·lJl'l'l'>..i uli ill. uutput, 'I. {h]. 11' ~ at Ollt Pll t 10.
lOti
4.3 R esult s and d iscuss ion
Thill willbe tlmlC'rur t.hn'l· I'l\ lt~>rit"lt or (.,'!<b , 'I'l l<' lind tw .. an- r..r II;lf.'ro'lll ~tra l i
~nt li ulls and wav.· lllllplilll. lt·ll. F" t 1I1.· l ll;l"1 l. t w .. ruus w.· rc- ,hUH' t.. h's l rul" ti.lllill
dfc'I'l !\ nndto tlc-lc'tmi lll' ll u' I'u li,lily uf l lU' l llO't ,ry in II ru l a l , in~ ~Y't l " I I1, I II t l... r"lI" w
iug 1J(1, ;I;) rep tc'/wnl:< l in' dl'usily ]It'l'l llrha li"n 1\ ' /11,'1' Im'a:<lIn..1 Froru l( a VlIilll II'hil.,
l'tlual iu ll!\, In order tu :<1'1' 1I11\\' tlilrl'rc'nll]w ullllliUt'iIf I.1l t·....y ill Fnuu lIl1' liltl'l!r l Ilt',
nry, linear waves t·vo lv illl1. rrclll l l ilt· sanll' in il ia l t'll1ulili" llI' an- ills" in..!II.I.,.] ill lI ...
The two sl ralifiroi\liol1!\ Nt (::) itll.1 N] (::) ,;iVl'1Iin l"h" l'll'r :! havI· I" , ·u 11",, 1 r.. r
cldaik d roIllpa riso llS o r LIM' lllU. lt-l 111.. 1 l llc'tm1ir a l ....,.lIlbt . Wi ll i Nf(;} , lwu ·';llll•.,. ..r
q an , considered (Sl:'1·!iJ;1I....· 2.'1). Fur('adl N~(;) . lIll ' lIIu.lc·! ill itlil i;, li7H I wil li . lilr,·...·11
rurr-ing s, i,l', wr-ak ror ri lll(, IIlUcl.'fal t· ro rc~ j llt; 'Ulcl l'lrollll1. r..rd ltJ;. rur l ln- l' llq " "'" .. r
ll':<l illg 11lC' lIC·I)I' I1 . lc ·lI C~I ~ ..r va.li. lily rlllll1.'· u r 1I1l'l l"' lry 1111 u...I ;,rW ' III -:;'~ urLIlt'WilV ' 'S,
Th e llmpl illl\ l.'S or W;I¥f'l' rur 1I11' lhn'l' ro rdnW'lL... • appruxil wllI']y 1 m, 14 III ;11.,12;' 111,
0.07. [~ilJ ally, l ll.· mo dd i ll ruu willI ro t.a l iun illdll,!. '.1 ll ll d l l ll~ r.' slIlt. is ".,I IIJIM.·d wit.h
11I7
oj. " . '0 rmnll. ,,,.
L- ".-'. ",._1 ,,,-I ",' .-1 ,,,_2. ",_3. " 'J I "'I I '1
_ lI '(Jrl,1H7
_! .H" 'X/ ll -·
N:I=).J~II _OJ.''''Il ;; 1I.tI'i" U,'KJ~1I7 _.\",11 _ 1I.02 !lH7 _ ·I ,IlI\<1><I O- · N N 0 Nif
_ 2.00Ill17 _ .l .H :J " IU- · N if N if
"," ,,,,II, Ntro)'/ ~l! _ fl,U '7 '·1 :l.r. ( l.I M I !l :~1 _ IlM".l
_ II,f107' ·1 _1 .981 ><10- ' O. ltI 4 11.10 ,1 U.lI711
~1 ' 1 " "j ", ,'m 'I , ! : !! - 1I.llIm", :I.r,m ll.1JlJ1I:11 _ll i!»l _1I.oltnJll _ 1.90': ><10- ' N JI (J.W ·! ,vII
Nj (ol,!= III- ' _ 1I.IMll I'; 7 l UM ir, U.IJUIlO7 _·,.~W _ U.UllMG7 _ 1.' i.~7x 1fJ-< NN NI ' 0
~~ '" I ]==]::I~C~J' "1
THI,I" ,1.1: T Ill' list IIf r UII.~, t ill' il s.~uri att'{l parameters and cu,' Hidl'nls. Nu1.al io lls
m!.m], .•I :<1,11 1111 fur wonk funing , 11I0 ([1' l'ill ,' forcing and st roll)1; forcing, respectively,
I\' If llll'a ll.' n" ruu fur t hat " ;\S( ' , Fill' NJ(:;), t ln- initial dl' (ll't...slcn is spl'l~ ifi l't1 fur ( ~;u'll
r" n"i l1~, 1. 1 1I 1 ~ rill IWI,,1 to Il ~l' iL Imr k,l!;1"ll1ll1t1 flow.
r"IHI.iull willldr"l"l 1I1l'ovchulou of long waves. TIll' im ptll "tiUl('" or rot af.iuu ~hu il i d
uudula r 1101'1 ' , si lln ' 11r1'1I ~llor l 11'II,1!;th s<'<III's art' jill/ull/I" I, It is illtNl'sl ing to k now ir
t ill' tlu '" ry is ;llso "" ltl l' III',·,1 wit h ti ll' ml al illl; rl'suh .
·I'HI,I,· -1 . 1 is III" lb l. ur 11 11 runs ilt l' l lIlt' il ~~nriil l' 'il p"ra meh'nI 11 llll ro df kil' llts.
TIll' r..llowiug m"" II Il ' n-sult.s..r l"ulllpill'isUIlS rOI' "nd l ,l!;rnll p or runs.
IO.s
4 .3.1 Runs wit h N] (:;)
For this st mtifl r-ation, as 111l'1I1iUlIt 'd ill SI'I'LiUll :!.:I.sr ruU!l:u\'t'r llll'llillY; il l I II<'ha llk ,'d).!,t'
mndo it dillil'l1lt til /!;1'111'rilk iI sill,is[,w1.ol"Y init ial ,!t'pn 'l<S iUll which "",,uloI .I1'1,,.I,,p illl "
wit h II smooth llIutl,'-olle linea r W,I\'I' usi ny; Lln- lirs1.urdr-r pn l,m l,a l i" lI. III I , h i .~ ras ,'
till background flow is 1l1'I'dt'd and it is st'!, 1.tlZI'I'll (T Ill's" rl ll1S 1\"'1"1' in [,wl 1,111' I,(ltl
dom-,oLht'l'wisl' all Illmlt'l runs 11'011 1,1 havr- 11'1'11 tlmu- lIlis wuy ],
In th is/!;r tl llp ol runs, extra l' xpl'ril1wnl,SIIn'dllllt· w!ti l t lu- 111 <Jtll ' l"il1.. [" l" 'ill!l:' "l.~t·
for dirft'1"I'111.values of n l,u. T Ilt' P11l"PUSt'.~ uf t.1l1'S!' runs urt-, firsl., t.tl I'l'rif.ll1,ll1Il tlU'
111 1{tlV 1"I'slllL is II'Ss lWIISit ill " lu 0 '·0 1I11l 11 L11l' I\.IV l·t':<lI l1.all d h,' I"'l' 1"'1.1." 1" ,1,'s'Til...s
the cvclurio u ur WIlIII'S, St'("(>Ild, WI' W11111" SI ~ ' whilt lI'illl1 "I' I"'1I wln-u 1,, 1,"1 is 1;lr).!,. ·,
Mt' 1I1iLdl' IlL till' lh n '( ~ t1l'pt.hs. Figun- <l.S shuws I~I,II( = ) for till' til .. ." tl l~I , Fi AlI fl 'S· I. ~ I·
'1.11, ,1.1:.'.-4. 14 and ,1.15·,1.17 show LIlt' i lpproxi mll l l' dl 'pt.11 indt'I"' IL,II'III" I' "f II l , n , l i l, " ~
of :j:IOIll, :lfJOIII HIlt! ~70 III fol"till' l.hrt'l' , liift 'n'lIl n l,,, '1alll('s ,
It is S('('II ill r i /!; lI n ~ 4.!1 und -1. 1:.! 1.bill /l l'fl) ri J,..~ 111<'IIsll ft',1 ill. dl'l' l.hs " 1,,,11" I!ill III
an' Illli!.,· ,1"p1.h i lld qlt ~lId l~ ll l , 1. 1 1 1 ~ small dis<:rt ~pel ll'Y is IJIIly ,Jill' I,ll thr- ln Ull"illillll
1lJ!1
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F i~lllT .I.~: /",.11(; ) wilh Nit;:) Ior Ililr,'n'ut nl ,u, (11 ). (11,0 = -O.OO~ (i(j .'i ;I S and
- (l,01;-\liWi·1. (Il). nt,ll =- z.eoser.
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Figuro 4.!1: /J 's measun-d at d ilren 'lIL ,11'plh s for tlU' run with Nt(:: j i1111 'l1mh 'r il.l, '
forcing . 0 1,0 = - U.1I08ti7, ii = O .Om/ .~ , I'll = O.!Jfi.'"I/" j., ,11111 >. ::: - l.l i!",7 / ru-' ( ;1).
B's al :: ::: 120m to :: =:1:10111 with 1111 inter val ur :Wm ilIlfl ill (J1I1,pll l. '2. (I,). ShUll-
as ill {ul l'xc(~Jl l /11.nutput 10.
I I I
F i,l(lll"l' ·1.11I: ( ~'Jl Il I'OIri~' 1Il I>I't\\·''1'1I1.111' modola nd l!111111Ia!ysis for the rim with NI(::)
.uul 11I11l1,'r<l1l'furd ll!!:, fll.,\ iI ,q, ,UH! ,\ an ' t ill' same as for Flgnro 4 .9 , [u] , Origi llal
tun] 1"t ~ 'u ll ~ l r lld,l'd initial waveat : = :\:mlll , [b]. Comparison of B/." Bk<l~ 1IlIt! B ,nk,lu
wuh H ;11 : = ;\:111111 und lIt on tpu t [0.
11:l
._~
Fi~:JI'( ~ 'I.II : As ill -1.W (a) . bill. fnr (11 ). :: = 'l7UII1. ( II). .~ = :WO'II.
I t:!
1"i,e:lll"l' I. I::!; Ifs IlWl,SlIrl',] il l. dilft' l"I'll l th'pl hs fur 1,1](' run wil li Ni{:) and tllOd ,' rlllt'
(ol'l'illl-\. n " U = - 1l . 1I~~fi 7. 1I = O .OIll f.~ , , 'u = O , !,ti!j lll f.~ alld ..\ = - .1.88,1 X 10- 5. (.1).
Ws 111.:: = I ~ ll il l l o :; = :l:ItJ", with an interva l of :10111 and at ol1lpu t ~, (b). SU11lt'
il s in {Ol)'· Xl'l 'll l. il l. uul.p lll I U,
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Fi/iurc'~, [:J: Comparisun ],(·tIV( ~'1l t il'" Il1u,I"l ll1lll tll'"I,wdysis rur tll'"!'I1II IVi l.li Ntkl
.u ll l modt~ r;ll.c~ rnrd lll!;. 1\1.1>, ii, ' 'lI and >. an - tln- .~ / I II II· /ISfIJI' Figllre'-LIZ. (., j. Ori/!.illal
alltl rc~( ·uH s l.nwk(l init ial lViIV<' /It : = :1:10111 . (Io}. C:""I1H1risull n] lh"" "11,1 fJ,,, ~~,,





F;~lI ro· ' I.l .I: A ~ ill ,1.1:1 [n]. hill for (.1). z =270m . (b).:: ",,:JQOll1.
IHi
Figure ~ .1!i: rJ ' .~ I1ll'IISlm.. 1 a t difr" f(' lIl dt 'p t hs rur li lt' r U I! with Ni( ::) 11 111 1111", 1"1"1' 1. ,·
rord np;. (a ). B's at:: = !:lOm to c =:1:10111 with lUI iutcr vnl nf :W'" iLllt l al " 1l1.1'"t:l.
[h]. Sal1le as ill (11)except at out.put 10.
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l" i ~ ll r(' 'I. [(i: Compuriscnlu-twecn t he mudd and t he ana lysis for t ill' run with Ni(:;)
iIlUl lllu,h' ra l.,' fordllp;. " l.U, ii,I 'Ua lld .\ nre the sa l1l!' <IS for Figll rt~ 4 .15. (l~' . Original
nnd l"t'I"CllIsl. r!ll' ll'd initiul wav e ul. ;; = ;1:10111. ( b ). Comparison of Bk,J" aml B"'ktl"
will! 11"l. ;; = ;n oll/ and IIt out.put 10.
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:1-.-- - -.-.-=<::.7"- - -
Fi /!;IIl'" ,1.17: As ill -l.If (a). huf. for-(lL). :; = :.1. 70 ' 11 . ( I.). :; = :IlHlIIi.
I I !'
"ITOI'. Bllt ill l" wl 'I' ,1" 1l111s ( 120m and lliOIIl) /J ' s art' dilrerl 'lIl . T his is prolmbly
li,l1;IH'I' ::!.1 ), Any sllla!1 n ml plll,HliulIill e rrol' like llnlM' involved ill inte 1'pulalioll , et c. ,
wlli d l is If' lit,, likely 1", on :u1' iltlll.nlll id ],11 " ulll pa rah ip to N1( :; ) ilsd r, r-nnhl cnusc
IIl1l"1'illisl.k IwrLlIrhill i,, "s, T hlls 111lI1'il!'llll 'I'( 1 ilt il 11t'pLlI ill U II' lower luyr-r cuuld Ill'
'1IIit" ,lifr,'r l'1I1 Irom what it should h" . 'l'horcforc, it is SIlAAt'st ,'(1 th ill IJs should 1Jt'
ilt 271)Ill, :WOIII and ;1:10111 ,I I'(' 1IS1,d For ro mparlsons.
'I'IIP amplil.lld,' or t ill' IJ p1'olih' ehan gt's wit h (1, ,0 as illlt id pat, ,,l. \-Vh(01l (l"I.O
dlall,!!;"s From - (l.omifi7 tu - 2 ,OOXli7, IJ dl,1I1gl'S Irom 1·1 til :l.Ii, dl'n'(OHsing I,y about
.1ral'1.or or Ii (JiP;IlI'" 'U l, ligun' '1.12 uud li,l!; ul'l' ·1.1.1 ). It is Iouud ill rhcso r uns t hat ,
rompnn-d with tln- I\ {IV n 'SlIl1.s , the IllI , dV results an" 1)('11,('1' ill th at they are mor e
.~ l illt h ' tu I,ht, d la llgill,l!; Ol,ll, .1I1t1 ma tch the m ud d Let ter ill an overa ll s{~ lIse , while the
KdV n'slllts vary with 0' 1,0 , showill ,l!; lI11t't'ft ai lLl.y to t l1(' ex t raction of B.
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ror (lI.O = -O ,OO1'ti7 a m i -t1 .\l:!,s 1;7 ,,,~ ruu Ill' ~' ''' I1, 1Ill' mniu f<'a l ll n'~ ,,[ 1,111'
1110111'1 l~-sll ils an- repruduu-d by 1,11t' IIlI, dV 1,1..." r,\", H.r illli(illllT . l ilt' s ll " 'l' l1"~~ ,,[
t Ill' wuvc fron t , t ill' 11111111",r o f ~ip;l1irka ll t ril'pl,.,; c'\'ul\'i ll~ "I IIll' n-nr "r 1Ill' Frunr , I ll<'
]1h<ls,' andt he mu plill ..Il' !lf 1.11<' 1 1 r ,~t fow1'11'1'1.':; amlf.ln- " ,, " lim 'a r p r" !,;.,!!;" l iOll ~ 1 "'''o1 ,
d c., all agree wc,1I with Lln-m utl,'l , 1''' Tpl. tll"L l ilt' t1lt'wt'!.i<'al \I'al't' has u l " I1~" r \\';1\'"
lcugth n~lIl t i llg in il pllal'iI' ~h ifl. ill JlU' tail o [ tln- hun-, II ls ;,b " n"I"d lIti.1 l ilt'
1'l'!atiY" dilk n'nn- ill allLplil,lIIlc' b ' i1r~1' fur ~lIl Ol lh'r ri l 'plc '~ . J\~ 1I,,1",l i ll sp" l,j" n !.:!
t his i.~ hd ieY('d to 111'11,1('I,ll t Ilt' 1l 'Pl'Ux il1Wl i"n s nunh- in d"ri \'ill,l!. lilt' 1":.1V ;11101 IIlI":dV
rquntlous aml 1I0t dll(, to 1Il11lll'rin tl rllsslpatlon. TIll' l":d V I. lu ~ ) r,\ ·, I,I" " ',I!, II n,,1 ;" ,!!,u"d
as tilt' lill,tlV tlu-ory i ll thn t, if is IllIll'1I rulln' sPllsi!i\ ',· I... " I.". is n ·alillllnl.l,V ,I!., ,,,,I ill
J1l'O dllcill~ results ill ' l'l1llil.1lt i \'l· a.c: I 'I ~·l1IPJlI wit h lilt' III"' ],.] [ur " I," ..." .. II.lIlISli7 IHIII
- O.O:.!8{j; , Fur fyl .1> = -:.!.nmm; it i.~ St'C'lI frulIl li l-!.'ll' · ·!. l l i a net h,!!;l l"" 1,17 111;,( l-IlO'
l":dV Lln-ory romph-u-ly rails. AllIlt" ,p;h ti ll' II1l\ dV thc~ .r.v S'~ ' l11S 1<lill tIl 1",1,1, 11,,'
rclut lvo diJf"l't'Ill'c' of t Ill' 11 llJlli lll llt· , l ilt' philSl' illI,1!.IC' 1<1."' ·plll";Sor 1,1", I'rulil.Fnnu 1,111'
morh-l illlTl'!l.'lI'S ;L~ n l ," dl·C'1't ·i1~' ·.~ , TII;s i1i< lir;,ll's l.1i.. 101'J.!.il1llill,l!. "r Ilw fullu n- ,,[ L]...
il s~'l1lplnti ,~ t heory lhlt' to 1.11(' [;l<'l 1.lIlll with II Ill l'I-!.' · I" I''' I IJlI' t \\'o 1"flIl S ;on' nu I,,",!!,,·,
11 Jl:uod approximutiou to t.lu- S)'sl." III, [ t is tlu-n "IIIll'lltdl'd tllil!. II,,· 111 1\,[ V 1. 1"·,,,)' is
p;uOII ror 1'1' 1,0 dusn Ltl n~,u. Apart frorn I,his "ritl'l'ion iI, ,loc's 1101. 111;01,1."1' wllid r H' ·" is
chosen .
I ~I
Fm ,·; h , t l." . !I JlI"i1sl rl'fl a I, :nOlll, :lOOlli lind a:lOm nrr- ,·oll1l"Il"l·,1 wit h th,'
11!""ry . Ex ·!'1. fur .~"'ll" minor dilf"r" lw,'s, t llO" a~n '"n1l'Il t is "'1ually p;notl for " ild l
.1"1,1,1,. Ti l is is wl,ut IV" ""'1","1., ",inn ' 1.h" 11ll\<IV U..,,,ry "' lllllJly i'l'l'1"Uximak s tln-
A...."nlinA tu t ill' IlI "J Vl' r-unclusiun n',c;nn ling tlw ,~~ I ('ct iollS of nl,U nut! d ,'pth,
in tlu' f"ll"wi ng n Oll'l ,;orisun , we will sl k k to mu- nl,u vahn- and 011I: depth onl y, i .•-.
,, 1.1l = <\.1: " uud :; = :l: lUm , Us 1I11''' .'<1II'('d at :!70m aud :IOOm are only li S" .! t llp;d. h"1
t" "l,uII·l lu· ,I'·I' t.ll iu,I" Ilf'II,I"lln ' "f H.
Fi,l!.lIl'l·s ·!ol:" ,u lll ·I. I !I show till' romparisou for till ' weak fordllg n IS(', whih-
li,l'.1J l"l' ,r.:,m .,ud l i ~ lI n ' ·1.21 art- for till' stro llg foreing (';IS,' . Dlwlously, bot h 1\.IV alit!
ml" IV n 'sllll.s un- iu 11111Cll IH'tLc 'r il grt'l'll1PU1. with ti ll' 111ml,,1for the wcuk Iorclng "as('
tha n f"r t.lu- 11ItJd, 'r; IL,' for cing ,'a s" , 1.11U1lgh Lli,: m"tlV result is ,' \'('11 lo<'1.t,·l' . T his
is 1101 sllrpr isiu,l!., si lln ' rlu- asymptotir- expanslon nsod is mol'" al'rll rill.c· for slIlilll
11·<I\'"s. FIJr II'ill'C'S with s tuull illllplitn.] ,' t l1l' s,'("(Jl lll lJr.kl' nonlineari ty is 110 lonw' r
\"l'ry i ruport.unt, I hus t i ll ' ], dV l.heory is ao-urute " Il(JlIgh 1.0 d,'srri]1l' such W'U'PS.
For t.ln- sl rull,c; fU I'('ill~ , HII' 1I1!\,IV llliltd ws 1.111' model n-snlt n-asonahly W(·)]
,,"1.1' al l ilt' Irout. nud tilt ' lirsf. l'ippl " . AI, li lt' tail llw ml\dV waves go ou t or philSI'
,11 ,,1 ba\'(' c,,,t1., it!l'rilhly hlrw 'r amplitude. The l\<lV solution sigllifin lllt l,Y lags th( '
1 ~2
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FiAllfl' '1.Ii'l: II 's measured il t dilre'n'lI!. Clq ,tllS rur t.11l' rim wil h N; (::) ;ulll we-ak
forcing. (1'1,0= -O.Omm7, il = 0.01llf.-, ('t) =(J.!Jfifim j., Mill ..\ = - 1.(;'i7 I' IW i , [n].
IJ's at.:; =~701ll,:IOOIll,:J:lOm illirl at ( " l ip l l l. ~ . (I.). Sanw,L' ill ( il) (-'I;("I'I,l ;11.UlIl.l lIll.
10.
- ---- - ---'
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Fi~lI rl ' -l. IH; ( :"11lpilrisllll bdwI'I'u l ht' mudd ami tIll' analysis rot th e TIIII with Nl (z)
aml weak fUl'ri ll l;. n l ,ll, il , f'U and ,\ urr- t i le s, I1IJt' us for Figure 4. [8. (a). Original and
rt't' Unlitr m1.l'll illi1.ii\l wave H1. ;;; = ;l:lOm . ( h). Comparisull of 13/", 8Mu and B",k,l"
wit h II i ll. ::= :l:lIIm and at outpnt Hl.
Figure 4.20: H's moasun-d al, dilfl'rI 'll l dl'll l.lIs for till' run with Nt( ::) 'lI111 slru ll~
forcing. crl,1I= - O.OOfllj7, fi = 1I. 0mf.~ , ~'l) = () .!) (j.'iml .~ nnrl ,\ = - l.li!)7 ;.: 111-1. (a) .
B's a t z = 270111 , :100111 ,:1:10111 alld at output 2, [h]. Sam" liS 111 (II) " Xf'('l' t al. " 111.1'11 1.
10.
F i~lI n ' -t.zt: Corupurison bC1.\I't'CIl the model and the analysis for the run with Ni( z)
uud ~l.nm~ fOffing. o l,u,fl ,r'o and .\ lUX' the ~allle as for Figure 4.20. (a). Original
IIUlI rpl'un~ t "ll ftt't1 initilll WilYI' at :: =;l:JOm . (h). Compar ison of B I .. , B kdv and B",k .tv
with Hill z == ;1:1011I <mel at output 10.
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model resul t, TIll' lrai lillg \\'llVI'S a n' 'l,l!;'lill milch lH r~..r 11101 11 thus,' ill l ll,' nunh-l. As
numer-ir-al e-rror (a I'l'suiuliull l,'sl Will' ,111111- ftlr \\ 'H\ '\ 'S of t his i,mplit.ud,-) lUll 1."";1111'\'
or tln- approximations mudc ill l lll' 111\'u ry, This Iailun- of lln- !i.(IV and nd" I\'
equations nrc dil l' t o t lu- invalidity u f llw ' ISYlllp tol ir l lll~,ry sill"t ' with 11I1'/:1' 1'111 11Iit.llIl..
neglecting higlll' r order ll' rllls is 1I0 l uppropriuu-. 'I'11t' 1.lwlJl''y would I", ill lp n l\'l' tl l.y
adding addlt lcna l te rms to it.. The Iallun- rUIII,1 .,11'0 I'I' dill' 1.0 t ill' ~" lI t'I"I,itJlI ur
a modc- rwc, wave due to nonliuour illtl'ractilills . T his ph"lllll111 'lLHlI ,1' H's 11u1. np1','1I1'
to be si;;ni lkan l ill t h i.~ ca.~l! llt'cll ll s,~ th , ' s mal l vl.riIlLi"I1S uf /l with ,1"l lll , du lIul,
correspond with the linonr mode-two vt'r 1.ical 111Ull.. rUIIl'Liu11 .
TIll" rcmpar..d q lllllll it i,>saI'" p l.,n ,·,1 'Is. 1.11<' output 1I11 I11 h,'r, tl", rd"l'l' till' IlI'UP,I/:it·
Honsper-dsr-an Ill' n 'ganl,'d ,IS ll'l( 'r,,~, 'd 0'11'1'a ll out put lntcrvnl uf W(JU.~. 1"i j!,u1'l' 'I.:!:!
(IL)shows lhe wavdellp;lhs of t Ill' lir sl two ripp ll's ill 1.I1l ~ 11Itnid n -sllh., w" il " li~"n ' 'I.:!:!
(IJ) is t he SIWI·d or t he 1l1(J(Id wave frollt. T Ill' wilv d " IIj!,t h is tlu''',~ lIn ·rl it !'! l l,,' r1b1.l,nn ·
agl ' Sp CI·t! at which ti ll' first t.rclll!!;h hill' l rllvd ,'d ,Iu ri ll,!!; "II "n l p" l interval. '1'11"11 till,
1:!7
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Fi~III'(' .I.:! ~: Mmlt·1 result for tlu- run with Ni(;;:) . (a). Model wavelength of the first
1\\'11 ripllll's for l'aeh rOl'fing . (II). Model pro pagatio n speed of the wave front for each
rlJn 'ill~, NO!.l' thnt. liueur pmp llg11 t ioll speed is ('0 = O.!J(i5 m/s.
I<!S
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riglln ~ -1 .2:1: Til l" wavelength Il i l rf'rel1n ~ (l\dV/ m l<t!V wllwll ·IIAll! . 11I", 1.·l wnv,·I"ltAl.ll)
fort ho ruu with Ni(= ). (a). \Vavd( ~n,l!;1. 1 1 ,lilft'f('lW" ill ti ll' m" .I,·ra1.,· f"l'!~i ll).!, ,'a so' , (1.).
Wllvdt'nglh dirrf'n~lIrl" ill thr-St.roll,!!; rord ng ('as" ,
J:l!J
Fi p;ll n ~ · I . ~· I : 'i'llI' prop ap;i1liull sp l't'd di lfl'r t'UCl' (l\dV/ mKdV Spl'I'1! • model spt>{'tl) Ior
t.11<' runs with N]( ::), (.1). Fvr t il" !{dV solutions. (h). For thl' m!\ tIV solutions ,
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inKs. Th e di [f,'rl'lll't' in sp",'d {KdV/ ml" IV sp,·",11l1illtls 1ll"'J,[ s l',~,,1) is showu ill
Iigll l'l~ ,1.24. Null' l hat t ill' ;f n..solution is Q..r ::::: ,101lI. T )U'I"t·fun·, l ilt' ll\t'aslIrilll-\'H'"
involved is ,10m for wav" l "I1~lh <lIul U.O:l!"IIlI /S for I'Hll'i'Aa l.i"n slw, ·d.
Till" model wilv,'ll'Il/-ltlis vurv lll'tw'~'l1 i:itl ill " 11,1 1·IlIUm. TIlt'.1" ,1"1'1" '01.,«' ilS
thl' fn mt ilHlI,lil lldl'illn t'ilSl'S amli l1n "ilsl' wil.htiull'. ' l'lll' ilml,lil.",J,'suf Llw I"illl'l ,·s
hlrfl'il..~I" wilh bot h l llt ~ ffonl 11ll11l1ilml., illlli tune. Till' ,1t'I'I"l'iISin!!;win', 'I"II!!;I,ll wlth
l1H~ lront illll illillltl" is ,I di n~ ~ L n' sllit of St.ro ll!!;lIulliilll'ilfily. TIlt' lilfA" f 1111' fWill, 1,11t'
larger t he SLI'I.' I lt' lI i ll ~, 1111(\ tln-sllOrkr 1I1,' disll"f SI'c1 wnvr-s . At tIlt' Sl'llll' tiun-, 11 li'I"A" 1"
frollt ctJlIla ilis more ,' n l ~rgy th us dis]H'I"sill/-l I1lr11:,'r l'i1'1'1,'s . Till' V;l"owillV; 1I1I1 plil,lIoII's
ol thc ripp ll'lI wlrh Linn-imlirlll.l 'S tlllil till'S" ril'I,I"s nn not s"lito!ls,,1. t his SI,iIMI' lOr
tht'lr ovolurlon.
The Llu-ury ]ll"t'dirls th« sa nlt' WllVt'I ,' llg:lh v"riill ioll 1.1'1'1111 , 1,uL1,1 11' wilv,'I" IIAI. II
is sys1.I' 1J 11Ili l~ll l1 y 1011/1;1'r t han that tlf 1I1l'1t1lOrll,1WilYI'. 111 [wrlit'ulill", l.ll1'III 1\r1 V WIIY" II
aw abo ut I -:l tl...r. loll,l!;t' 1" wllil., 1,Ii,' [" IV waves an- <! - rJl~,J' IUUAI')". T Ill' III)\ ,IV
waves l~rt' ill better- ilgrt 'l'1l11'llt with I.hn11I1l,1I'1 1'.'11""01 .
TII(~ pmpllg ittiull sp"I',1t1f t ill' llIudd fnllll. is rutln-r t"Ims1.ant fIJI" l'adl f{Jf <:in~ n ISI'
(only 11 slight itWWllll" wit.hti llJl' ill t ill' slroll,!.!; furdu,!!; n iSI'), luu of '·"III"S" iunl 'asI's
with Iront ul amplitude. Ti ll' IIlJllilll'ar prul'lI,l!;ltlitlll spl"',1 is 111",u1.<!.;I - :1':4" 7 - IU'M,
anr] 22 - <!;l% lar,!.!;I '" t han till' lill, 'ar s l' , ~ ~1 ill l.1u· weuk , n1t"I,~r;i1.t' 1IIId !il.rulJ,!!; ftJI" ' in~
CHSI'S, 1' ''.~ IH"t i lldy, '1']11' 1.1Il'lJrdkil i prUpllAll1.iull sjJI'(',b an' ill vr-ty good agnx-nu-ut
with ti l<'lIludd (wil liin tIll' lr1I'IlSlItirtAerror} , I 'xn~pt for the I\ IIV wavr- ill tlu- s1.l·ullA
II. is lJ\>W ..r" 1It !.Iml, ror \W~III'S wlth Ill' III r ll ud ('n~1. I ' ;ullpl iludl' , l1H' d ilrt'rl'IWt'
ill wil v, 'I"lI~1.h, 1'111,111 '(' thun !ll'0pIIAa1.io!l Spl'I'tl , hdwc"~l1 llw 1111\t1V Hlltl li lt' Illl"I!'1
is rt'sl'unsiIJII ' rOt tl tl' phalw shirt at l ilt' bun- lllil. Also, llw t heor y is 1I0C, cprill'
lllJpro w iJI!." rur WIlII'S with J' 1'(';,1"11JHlll ,lilucl(' la rgl,t than f = 0.07.
4.3 .2 Runs w ith sm oot h N f{':)
Fur tilt' ~11l"uth N~(:) ('1 "" 11.1171, (\ ~ ~. = -1l .1I07 7-l, T Ill' "ss""iah~ 1 ,.:1.,,( :) i ~ ~ It..wu
·0.06 1'1110<,111(// = 11.117) -
,,It'l,wi..• (II = 11 .0) •.• •
-uca
nn IOU 1.',11 <lUll
: ( 1Il)
Fi~lI rc ' ·1.2."1: e l .Q(=) with 0"" = (,~~l fur [u] . ti lt· "1II" u t h Nl l: ) llik'JIt' 'I ::. 11.117). ( I.) .
ti ll' Sll' pWiSf' N~(:) (slupt· f/ = II1.U).
nnly lllittl"lIl :1:10111 , '1'111'~ll fljdl' I1l"Y or d lllt ~~i ll l!; ulIly "Ill ' Ifl ~' aur l u lll ' d" pUI lli1s 1" ~ ' 11
w;,vd,·np,th;lI11lslll'(·'1.
Il is r" u lld rluu lilli i'llvf t llf~ ulJsI'f vat iulls IIl1d " 0 11111111111.1'1 rnad, ~ for th .. r uns wit h
Ni(;;) bol,1flJr t.11I '1<I' f "lIS , lou. Jotll' inntuuce, for tlw Illml(· rlll,· flJ rci l ' ~, llw s t ''(· I>IIl'sS o]"
UII' rrul,I" t lll' 1I111 111)('r uf si ~l1 i ril'il1 lt ripplt's, tl." phas e and amplit' llb;o r l l]("sl' rippll"S
I," d IJl'Opll.ll;lIt ioll SpI'l'd , I'l I·., 1'1'('pl~'( l irtl'd quitewell hy t .lu- theory. 'l'bo 11l]\, IV n-snlt
is lI~ilill hdtf'l"1.111111 t Ill' l\ d V result. , The IwU"r ;.grl'l.' lllPl1t between t l1l' l\ dV and
t ill' mudd i ll li.t!;ufl' 4.:W i.~ roi nchleut nl. T hl' KdV solution is VI'r)' SI'lIs itiw t" (\ ',0
whil(' lIl1's"l1sil.ivity of t ill' 1l11{, IV is mu ch less, T he v"lueofn" u nsod hero hnppunx
Th , ' di sll P;ff'(~ ll1l' I1 I , is ugaiu in t he phus cshift 111111la rgl'1'umplh udo of 1111' .~ 111 11 11
lVa 'l I 'S ILt t ill' I"' n- t ai l. rUl' t ill' weak rUIT i ug hot h til(' lJ1 K tlV uud l\ tlV W iL'l"S nm1.rh
tlu- 1Il",l,·1 vs-ry well. TI l< ~ 1II1\d V nud J{(IV waves a n ' nhnost ident.ical , 111111cat ll1g t ill'
Ulllll1purllllll'1' uf till' SI'('uIIII-01'lh'r 11011 linf'ariLy, rol' tIlt' st.rong rurdll!';, ev e n ml{IIV
LlI'OI')'hl'~i lls I." Fail. It is nuLI,1Iin UIl' st rong fo rcing r use that t Ill' [{(IV!,llJ(II V bo re
Liliis Lill. up. This is h"n' "SI' 1111' init ial depn-ssio u WIL~ quil l' lla rr OIV so t ha t tho tail
or t i ll' 1I1 11l1a r hUll' uVNlaps wit h t il'-' r ising isopycnals a t t h" buck of the depression .
1 1I \'l'.~1.i ~a1.i tl p; tln- dctnilcd «nnpa rlsonflgnres 4.:l2-4 .:!-l wc fiml the s a llie varia -
tiuu uf 1.I1f' ltlm ll'lwllvl' h'n p;th, i.," dl'c .r e llsillg with forci ng and inc reasing wi th tlme ,
within i\ I'Il llP;I' (If IU.'iO- 1:170m. 011(' difference is thllt since the second-order 11011-
l l11'~p" ", 1 i nn " lls ill p; wlth l ll\' r" rd uI!;. TI ll' ~1 ,,'t· ( 1 ,l i ll"' H'l lI"O''' 1.,,1.\\",'t'11IIII·II"'''I".\" :llld
llw model ("x"I'pl ti l\' !\ ,IV Wil\',' fur llll' slrullp; r" "" i llp;) IH" wil,l l i n 11 11' ll U'11 S Il ,' i l1 '~
error, Il is inferred Lhlll, LIll' o" sO'1' \'",1 phl\ ~" .shifl. a l smal k r ril'I.I"s IllslI is H e-snlt
of thr- ,li.sn '·I"·n'·y in wil \'I·Il' llll;t!l. TIll' r l l1.i" of llulllh ll'l1r sl',·('t1 1... lill(';1 " sl',·,·,1 is
Illrp;,·1'. Fu r ill ~l1!.1Il" " tlu- rntio is IIIHfu l :w lX, fur I,l l<' 111udl ·fa l .. flll",·i ll).!, . alld :1lJ - :I-.l'jj",
fut tIll' s t ro llp;r"n ~ i l1 p;, T hi s i!lfli"a l, -:< that tl ll' lIuli l i ll( 'l l r dl".,,·t fu r 1.1", SI1I." .l.l< N I~( ': )
Fi~ 1I 1 ' 1 ' LW: WS 1111" 1~11rt'11 "1 ,lilf" rt' l1t depths fOI"t he run wit h smoot h Nf (::)ami weak
f"n· ill ~. n l,.. = - {UI07H. li = 1I .l jJ.1 /11 I.~ , ru = 2A999,'iml.~ and'\ = -2.982 x IO- ~ .
(,1). Irs ut :: = :!7Um.:\(I(lm.:l:lOlII and at output 'I. (b) . Same as in (11) except at
"1I1.pUI II1.
Plgure 4.27: COll1 parisUll lwtwl 'l~ll t bu modelilwl tJ ll~ a llalys is for t lw run Wi l.l slllu" lh
Nl(z) alld weak forcing. 0 1,°,fi, ('{Jane] ..\ are t he Slll ll l~ . ~~ fur r " i ll; lI n ~ 4.:W. ( IL). Orill;illal
am i recons tructed initial wave at z = :\:1011I. {h], CumparisfllIur 1/1.., IhJ~ IUIlI 11,,,(,,.
wit h Bat z = :j:lOIiI ami a t output Ill.
1:17
Fi~llfl' 'I.~('j: U's l1H'llSIIH'd at .1iffl'l'ent (Il'pt lis rOI' t he run with smoot h N~(;;)
uud mm!l'rllh' rordll~. n lJI = -0.0077'1,11 = 0.19'lwf. <, ('0 = 2.4999511I/" a nd
.\ = - 2.!IH2 x 1 0- ·~ . (1\). l1's Ill. .: :: 270m,:lOOm,;J:lOm <Iud at output 4. (h ).
S,l ll1t'ilH in (a) -xo-pt at out put 10.
1:IS
FigUTl''1.29: Comparison IJdWl'I ~1l till' mudd IlII d ti ll' illlalysis fur ti ll' r un witl l slll"" l h
NNz) and mo derate fllrri ng. n l,o, ii ,f"lI al l ' ] ..\ arc llw S1l11W H .~ for Fi.l!,lIn· '1.11'1. la) .
Original and t'I,(~ollst rul t('(1 initial WilYI' at z =:1:1lI111. (II). COllll'HfisUIl or II,,,, Ih.l"
and Bmk~ " with JJat z = :1:111111 und iii. ulllp ill ](1.
I :I!J
Fi.c;lI l"1 · ,1.;10; /I'~ lIWilSll rt'd aL dil f('rl'ut depths for t he run wi th s moot h Nt(:;) and
,~ l l'tl ll,l!; fun"ill,!!;, nl, lI = - O.OOn'I,li = O.07Smf.~ , ('0 = 2.4!J!)!)))m/,~ amI ).. = -2.!JS2 x
m-« (a). N's lit == :!iOm,:lOOIll,:I:JOIll mid at ollt Pllt 4. (b ). Samoa s in (a) ex cl'pl
'l t lll l l.pllllll,
Figure ,I,a l : Uomparison lJl'lwt'I~ 1I tl ll ~ 1l11Jl1(·1all , l tll( ' unalysis fo r ti ll" r1l11 wi lli SlllolJ1.11
Nf {=) and slroll~ forcing. n 1,,, , i i , ('0 and >. 'In ~ ti ll' sunu- as for l' il?,lIn~ 'I.:IIJ. (a) .
Orig inal uud 1"l~c(J II .~lf1wkd ini t ia l WiLV(~ ar c = aaOm. (1) . (:"IlIl>llrisUli uf Il l", fh ,l.




," , .~ : : ~ :,~ ~ : : : :t;~ ..__
Fij:;IlI'(' .I, :I:!: t>. lmlt·J ft'SlI!l fur il lt' run with smoot h N~(::) . [a]. Modol waveleng t hs or
til<'lind. hl'\l rlppk-s fur I' llCh r{)rl"i ll ~. (11). Model propugariou spood of the wavr- front
fur I'lli'll furd u!!:. Nu!'l' tha t lineur propagation SIll'l'lI is ('0 = 2.!im/s.
/
/-y
Fi~lln"I .: 1:1: T he WaVdl't1At.h Ililf"I'I'IW,'(f\, IVfm l..: .IVWil\l,·!l ·t1Al1l - IIIlHI,·1w;,v,·l'·IJI',1.I,)
for ti lt' ruus wit.h smuuth NN=). (..). Wavl'!t'lIp;lll ,Iilf"n·u...• ill 1I1l'1II00.1,-ri'I.,-fllrr i llJ!,
' "ilS", (h ). \V;wl'1I 'lIAth dilf,'l'{"w<, ill L1 I1':;1.ruIiA fOI",:iIlA ' "i,S '"
Fi,c;lI rt' ·I.:H: T ilt, IlrtJllll~n t i (lll slH't't l tlilrt,rt.· lwe ( l{dV/ ml{{IV speed- model li]){'ed) Icr
tIl{'run wit.hs .~ I11 {Julh N;l(=) .
4 .3 .3 W ith a stepw ise N f(;}
E' 'o(.~) for t hill sh-pwilll' N~ (z) is sh..wu h'~" IIlt'T wil l, lh a l ..r ll... SIl1....111 N; ( : ) ill
T llcn·rort' , ,·XI'l\IISiOIJ('1.2) ill uuly \'ali,1 "I ,m'" =,. \\"!1O'r,' Ni( : ) is u..n-w-r u. H'r n 'II\·.··
nil'nn', lhe~q.1 term (llI'ill,!!; r.l'l"I' iIlY;IY rrul1l z- when- Nr( :) is n Hls lilnt) is n ·11I<>\·,·,1
pri" lIft'll S01111' i~hrllll l rl UlllP;" wlu-n N~(= ) l",n Hlws .liM·ullti nlltlIlS, i.•·., wlu-n ,,-. r."'.
q ~ 0.07, as can II(' 1lI" '1I illli,r;lIl1,<t.:J7.
Sin.',· till' 11'l1l1 llfi an' Ilui ...·llilllilar ...' th"s,· ..r l ilt' II1I" ..UI N f (=) "aSl' IV" l,r' 'S''ul
!·'i,l1;llrt' .1.:1....,: II '~ 1Il1';IMlrt't l ,It d ilr\'n~lI~ dept hs for llw run with s tepwise N;'(=)
;11I, 1 Ilil/d , 'rat.\' rurd ll11;. ".1, 0 = - O.007!)(i, ji = O.HH m / ..., Co = 2.5078!Jm / ... and
,\ = - :!.!llIi x 10- '\ (a). fj'l'."~ == 2701ll,;) 001ll,:I:IOm find lit ou tpu t 4. (b).
Sall1l' ' l ~ ill [n] I'xl'\'pl nl, \l 1l1, P ll~ 10.
Figure ·1,:l6: Uc mparis ou br-twe-u tlU'Hlttlld <I nrI ti ll' ILllillysis fu r tll1'1"1111 wilh sl" l'wis,'
Nf(::) anrl 1l1(j, l l 'ra l l' fUl'd liA. n " " , It ,( 'u lill,l -\ il n~ ti ll' Sll1l U~ ilS fur J "i ~ lI n ~ 1.:I!I. (iL).
Origi naland rl 'eullsl rudpl l iuirinl W;IVI~ il l.:: = :J:lIJm. (I I). ( :UJllpil l'islJll " f th" Ih""
HUt! ll "'kd" with IJ at c =;1:10111 ;11 11 1at outpu t III.
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Fi ,l1;Il1"(' 'l.:li : CUlH l'Hrisllll hd.WI~·J1 t WlI model r uns, 011(' with lIlt' smoot h Nf{ :) and
l,lw utl wr wit.hLlu- :>tt' lfwi:>1' NN:).
4.3 .4 Effect s of rotation
It ill o( illwm;tto t' xltmill c' t it" villiclil y u( al'plyin,l; ",' 'i,kl .\· ., uulilw<lr t l" 'uri , ,,,, "' hid l
Jl rt-:;c'n ~ . ItOl., t io ll al f' 'f1 ll tlu- 1'\'Ollll iulI lO( WiI\1'!I lu n,l::" r t han 1>1' ,'um IMral,I.· It> II...
iuwmel Rossb y ri"li llll. Il11t ,1()l'S lIut ;\Irc',,~ 1I11urL \\';lI'l'll. 11"11,1;111,,., J1 ~ Il;! l l ill \,, 'Sli~a l, ', 1
rotati onal 1'lrN~l!l 011 t ilt, (url1wlilJlI of 11.I'clrillllk jll l11P ll 1I11in ,!!; all 'L1'llr"xilllil t,iuli l u ;1
I ~ layer mode], lli ll 1'l' l11 1t.llllAAl's l.s thnt hy,lrail lic' ju m p!I \\" lIIl,1 lu- h-ss in l."II11I' 11 1101
lllk,~ IUl I I!';{~r Io (' lr lll , tl\Vi ll g til ru Lllt i ,, " .
111 order to st llcly ro t <lliun l!.ldf''1~ts w,' l..it ia lh'.('1\ ti lt' 11,,,.1,,1 wit h ;\ ,1"111"""
sim i ha ving a (ru ul a l It'l llttll !I",l lc' ur l!i kill. 'I' ll" ( ~.. ri" Ii!l p;u llIl...u-r is t .. \;,·....!I
I = 10- 4 ...- 1, a llli tlu- IIUII-nilal ililt !illl 'iLr prtll' iI,;a l i" u 1I1" 'I'I1 IIf 11It"lc" " "t , ", ;1\ '1' is
r~((lillll If. = roll = !J.(i!jkl1l al lfl mtalicllm l " l rc'l 'L~ willi", illl l" ,rtilli l. 'Ii , " lIlo1 ln' uu
' llu lulilr hon' i" ' I)<'arill1: wlthiu tltf' WIHlII.. , 'v..llll i" .. t h lW, w., 11;'v,' s l.... ·ili, ..l i' I" rt r
ill il il!.l amplirnek-, ro rn 'SI" 'I l<Ii"1; 1u lI .., st rom}!; f" n ' illp; nISI', ("r i' s L rull~,'r " flnlilu'M
Mll'l'pf'uiug.
sho wn in IigUl'l' 1.:1l'l. It ill !<c,, ' 11 Ihll t lh,' MIII,filml, ' fir t.ln- (lUllt. ill th,· l'I , lM i l!~ nls ,'
H !J
11,,1 ;'s s ll~ ' I' a s ill till' llIJII-rt>1.a1.illA ,';oSl' , 1IlI'l 1.))(' uudulnrbon- is ll 'ss iutl' IISl' . T his run
I.., ,'xp l"ilH 'll u.s i l1~ l' liue-ar 1. 1 1l ~,ry, t ll"l " r ru 1.a1.io ll, til!' , lisp,'rsi"l1 l"<'lntiorr 11' '<'' 111'''';
(·1.18)
;ulll n n 1I U; , l r' ~ ' I l't 1 " ,I' rul;!1,i"n, Silln' lullA "OIlI POIIl'lI l s nn- k-It hohiud. I,11t' "Ill I,liLlld"
uf tln- frulll, d il1lilliSlw,s, lWll<'l' I,It" uuuliueur S1.l "' pl' lIillP;is 1-\1'1',11. 1)' l'l,duct...1. Tllll,~ , 1111'
illili;11,'If,,,'1 uf rll l,iOl iun is I" 1"< ,. llw.' till ' ;,m l,lill l,h' of tln- front , rt'1il l l 1. ill ~ ill " ,l<'l" ,w<. l
I I... (r" lll ~l'I S s ' llI ici " 'II I.\" s ll't'll i l s r-volut.iun is 110 11I1I,I!rr slgnillrantly rno, li lil'd loy
rutntiouul plf"d s, TIll' risirr.!!;tail is .lIl1'10 OIL'l r" ilinp; iou,!!; II'nV t'S ( s, ~' li p; lIrt, ,1.:lI'ij.
(l UI' l l ll'll r ~' is tl<.'l" i n~l fur ' lll ' l · ro l n Li rrA sysl,"lI1s. l luwr-vcr, afkl' lUll,!!; wave r-om-
l' " rr"l1ls h;I\'" I",,·u clislH'rM',1 iIlll1 ti lt' wuvo front has lwnJll ll' sultir-ir-ut.ly short, it is
I'"ssilol,' 11",1 11\1' llw" I'.1" llli '." I", ",dill "t tl \l' W;[\'!' front wlu-retI lt' rot ation df,'rl is
II" l" U,I:" l' .~ iV;ll ilil"il1 ,I, Fi.l!: lln · ·J.;I!1SIt"II'S 1.11,>n-sult of illlPlyill,l!; t Ill' ll ll'nry 10 I,ll<'wavr-
Iall
rronllllllh' r lilt' rol.;II,iun. T Ill' ap;rl'I'llwul, 1,..1. \\.,.,-u IIu- IIlI":dV nh~,ry lU1d tln- I1Il,d"1
ill f/lirly .Il:0ml for 1.IU' rrolll, ;lIill th l' fir 1l1 ripl'l, -,hll l lIul for u l h,'r,. T Ill' ,1i';I,C;IT" lI w111
' ·UUll''' parlly rru11l 111\'fl li' t 1,llil t Ll". 111U,!.'! rl'lIu 1 j,.; ,li ll disp"r ,i lll!:" III l" n.l.'," I' rulll
pOIlI'llt,. end lts umplinnk- i, ,lilll illi,.;hiu,l!;. 'l'hls ilH l i l·i11 ,-.~ l in' 1 " -I ' .~ i s 1 " ' I1 " ' , 1IIlh'>lI)I,11
net l ar~,' , or li lt' rt ll. /I l.iUIl 1'11'", '1. Ik t l.\'r ;1~n~'II ll'llt 1Il;ly I..· '·XI"'<"I.I-,[ if 1110' ' ·'"I1I'" r
IIi I
1 ·' i~lIt" ·1.:1:S: (' umpal' isun llt't.w,'t'll t.lll' 11I0\ld results wit h 1IIId without ro ta tion, for
N1(:) il ud st.roup; rurfi nj!; ..ilSI'. (i l). A t, outpu t 8. (h). At. out put 1:1.
l: iglltl, 'I.:m: I\plJlk lll ioli uf tl u' t l ll ~,ry lu t hr- 1~ ,l.ali llJ!, 11111, 1,1 n -:;1Ill fur Ni( ::) ,,",1
stro ng Furring. (11 ). 1l' 1I1ll1';ISllrt,,1 itl. 270m , :llIUm 11 11I1 :1:!11 I11, ;11111 ;,1, , lilli'n' lIl "'1ull l,;,,"
unu-s. (h]. COllllmrillllllllFIh.,..•tllll l/",N' , wit h l"u1.al.iflA /I at :; = :\:IIJIIIill,,1ai, 11 11 1'1"11
1:1. T Ill' wave a l 1I1I1)111tK i .~ p;, ·k,·,l lIp as tlll ~ init.inl rur I.IIl' ll lt'lJ!'Y.
Fip;llrl' ,lA O: As ill Fign re ,1.:19 hilt for mode rate forcillg .
[M
4 .4 D is cu ssi on
Along wit h ti ll' rOlllpariSUllH, we hilI'" '1Ir"'lIly nUlll., ~UI11 . ' n J IIl Il l<'n C ~ ilIltl d i ~"Il~ s, 'd
SOIlWof tho results . In this Si'diun, i l m ort' ~"1 l('rll l t ti ~" II SS iUll wlll l..· ~i \,( ·ll .
T he ohst' rv,'"(1 evolution of the fnml into ,U I undulur 1"'1"1 ' ill hot.h lilt' 111",1,,1
result s and in t he weakly nonlinear U w o r it 'N is 11" OIlSI ' l[ lIt ' II1"( ' of uonliuenr ~t. .'t ' p l ' lI i n)..(
followed by t he diHpl' rsitlll of slnu'Lwaves. Wl ll'll LIlt' fronl is slIlIil'i,'utly SI,I't ' !" sllllr L
waves a re ge nurau-d which, Im vi ll/!; a 1I11lilllt'r p ru l'il)..(.,t ioll SII<',,<1 thun l.h'l l uf c.llI'
w ave Front, ill"! ' ld L hd 1il1t!. Any given IVaVt' p;tlIWS in wavd l' IIp;I ,h 'l1ul <lIl l,li1.u,],'
wlth time and propagatt'll at almost a C'lllIst1l.lJt s P ' 't ' ' !. Sinn' la l'p;" l' waVI'S huvr- lar!!."1
propaga tion spe-ds , tl ll~ Wl1WS tmv d ill a p;r\Jup with '1Il1I'Iit.lld,· rnnk«! in ordor.
Meanwhile , smaller IVIlV,'S S1ltTt'lIl1ivl'ly appl'af ill. LIlt, hu rt, tuil 1....·IIlISI' of , 1i.~ I'l'l"siUII ,
n-sulriuglnt he routiuual t,'ngtlwl1illp;tJf l1Jl'llIl1llllar l", rl'. T his prtln 'ss ",u, I,,' vi. 'wp,1
'L~ lIIaVl'S t'l1\!wt!t!",1 ill 11 wave llCwkd wlit/s., "lIvd"I'" i.~ , 'ollt illlllllly 1'·IIp;t1l1'l1ill,l!;.
III our weakly nonlinea r r-ases, the lirll'1U'iz('d 1(, IV Illi d ul!(I IV " 'l lIitLiO/ls !!.ivl'
t he samedlsporslon rd at iull with
c,
I' U + ,~ I.:~ , (<l.ZOJ
(<l.ZI)
where C, Cg are llnoar t1is[JI'rsive plmse and p;rtlllp vl'lm:i1.il'S, l"esll,'d ivd y, Hllll I'" ;Hld.•
ure a,~ lutlre m l{dV (~(llliltiflil. Siuco I( < 0 for tIl!' casos studied hen ' , thegroup velocity
(:.1 is Il'SS t hnn t lll~ phus« vdudty C. (1.:l0) and (1.11) ap ply to Llwuudular bore tail
wlll'J"{' s!lla ll usdJlilti flll11 urn IIC'/trly linea r. 'I' ll!' front of the wave envelopemoves with
t ill' l >l >rt ~ front, whik-t ht~ t raili np;nllvd opt, I'tlgt' IlI UVl'!! at Sl' t...-d (.'9 which is slower than
t.llt· p I IIlS'~ s l" ...·,1 c: of llll ~ WILV('S. Thlls, in It rderen~l' frilllU' moving with th e front ,
lIlH' wuu ld St...· t'lIt'fP;y leaking al t im bor e ta il, i.e. smaller waves success ively appear
aII'I pWllilp;ate ill tIl!' lU'J!;ilt ive din .....rion {Foruberg &. Whi tham (1fI78] discussed the
I,IJ('lIoltU'lIil llsiu,ll;a lIwdlllat ioll ap proill:h,) . By steepening tilt"WiL\'I~ Fmutnonlinearity
tTilllsfl ~rS l'lIt'rlUI Frum lonp;W;LV'~ romponenh to short wave components. This energy
lra lls fl'r 1"l 'Slllts in tho rouj.inuous growth of LIlt' dispersed wnvos. T he growi ng waves
il l"t' t lll' lIllulojl ...t to tlll ~ nouliucarity which results ill t he larger WaV('lltraVl'lIing Iaster,
In'lIn' t Ilt, InrJ!;t'Sl. It'<lrls llw packet and the d istnnr:e Iwtw(~('n two SII(Tt':llsive waves (the
wllvt · l l'll~tll) inn(';\II(,SlVith liIlW.
T ht'sl' wnves n.n- nut solitons at their present StiLg(~ of evolution. T Ilt, question
ls wln-Lln-r tlu-y will t1t' Vl,lo p in to :mlitu lls. In urd('r to il I1SWI'r this, tl]( ~ lll[{ t[V equu-
tion was solW t! fur It long evolution tlnu- of 10000011 stiLTting fro m a very luca li;wd
Initial t[t·prt'ssioll . '1'1It, Tt'sllit is s hol'll! in figure ?? Wht'll tlu- first cres t, whic h is
runt.iuuuuxly ~ro\\' i ll~, TI'11("1I1':II t ill' undisturbed heig ht, the first de pression al'pl'ars to
St'[lH fil l,(' Irom tilt' rt'St uf LIlt' waves, forming II sol iton. Evuutunlly, t he depression
Hili
will evolve into it linitr- 1111111)( ,1' uf s"li t ol1 ~ ["l1tJ1l'1'11 hy n 1I'II"' l rilin, This i,_ kn"l\'n
to happen lor II flnitech'p lt'~sion uf sufliric'lIl1ysmall I'ohllnc' (( :;11"1 1111'1'd tlf. l l!lli71l.
It is eloae 11011' that tl". reasou [",, solitons 1101. IIP]1" '\l' i ll~ in "" 1" n-sull..< is Ihilt 1.111'
li me needed Iorsolitun s to evolve [ruru our initial l"IlI1e!il iulIsis I"" ry Iilr!!:,·, \Vc ' f il l!
not alfonl sllch loup;runs with t ill' prilllilivl' I'II,wtioll 111,,01,·1
T he IJ,' riVt'l1ml':IIV theory cl,~,n i h , ·s thn uhSt'rvc ~ 1 c'I·I,lul.illIl1lnil,· wc'lI, ;, l l , ' ;o ~ l
(UI"lVal/,~s with 11scab l 31l1plilml,' 1111 lto, =(UK Tl11 'rI' i ~ l:ood (llIi,nlil.lIl,il'c' "!!:rl '"
mcnt botweon t llC~ ml\ dV UIl"ry and tilt· mucIc']' 'I'll<'ml':dV"'[1li,liull i:< nun-hb,'lkr
than the KdV equutjon which is IJll ly p;uoII [or WIII'I'S up tu I = II,(f2 111101 is S"llsitil'l'
to (f1.o. The agreement lWtWITIi thl' l':dV f'lIt1 1I 1t ~ IlIlHh·1fur 11',1111'1'wil.h I = 1 1.lJ~
inrliratl'!< thill th«sl'("011(1orderuuulim-arity i ~ nut nlll, iill fur sumll wuvex.
WIWll( = 0.07, ti ll' l':dV ' '1ll1i1t ioll n lillplllldy rili l~ , whll«I.It' InK.IV i~ still
good for predictiug thewavcIrontand UlI' Ii r~ lr i p p ll" T I,is is .lIlI· I,,, lIll' rad 1,1,lIt r" r
largl' waves, Iiighcr order u-nns i It t hl~ IISyl1lptlJl.iI ~ r-x 1';( t1 ~iU I I I"'n uno It IUfl ' iI1lllIIrl,iIl ' l.
Alldillg l·x ~r1l. tonus to our thl'l!ry sllIml,1 improvell ll' nJlIll,arh" n,
Tilt' , Ii ~ilgrt't'nwn t IwtWl't' lI tllt' 1ll1.:.lV andthe m"tlc·1is II1 l>st ;'1'1"m'lIt ill. th,'
l railing t'tlge or l ltll ltlldTl II,r hun' wlu'fl' t il" tI1 l\dV Whl/I'SItUulll u[ pllil'il' wlth 1.I1l'
mudd waves allli 11111/("Iltrlt"r illllplit llll.os. This is 11 ll>:< t c·l/id'·II!. wheu , = !I,1I7. '1'1,,·
dl'lilih !comparison ~11AA('S lJ; lhat this is 1101. dl ll ~ 1.0 tJ lt~ . l i J r,~rt,t1l"1 ' iUI'l"UI'i1gal it!tlspl1'11
]!i7
FiJ!,lIn· -!.·1I: S"lilulIs l'I"Uh'illKIrom 11 lo('a l i ~I"llll{'IJl'l' Ssio u . (a). ml.;t1V waves ,It tIll'
illiti,,1SI,I~l' nnd ,It 1i:!O(]s . (II). nl1';\lV wal'l's at .'i!J:200s and!J!l200s. ObvioHsly, till'
initial lI"al"l'shulI"ll ill (a) hns nnwclc 'w lllpl,,1iutcsolitons.
J."8
which i ~ ll':;~ tha n l ilt' IllI'nS llrin/l; error. It. SI'\'11IS Ihat. t.ln- ,lill"c-n ·lI.·.· ill \\'il \"'h'll~1 11 is
l!lO"t r< 'spon~i hll' fliTtlit' disl'rl'PI' IU',Y, Tit., \\',l\'I· !l'll p;1. 11.l ilrl·f(,lIt,p (rulI1 l,hl' 1I1".I.·ll1wy
1)('a rt'sl1lt of iIIlIPP1·OPI·iil1.I' lHllIlinl '<lr-di"lwrsi\",' Ilillilll.'i ll,li;, 1..,,,lin.c; 1_,. ,lilr.'n 'lIn':<ill
tilt' group \"(']od 1.il·Sor llll' t. l ll ~ lrt'1. j,-il l ,UHI Hunl.,1W'W ''S . Thi s ran r ; II IS" <I llu~'r""ic" it l
W/WI' t o start disp I'rs in.c;lun,c;,'r/slllll'lt'r waVt'silt <III "<lrli.,rj l'l t." l"tlu«- 1,11i1ll ti ll' III" d,'\.
A:; (or t he l ill',e;.~ r <11ll p lil lltll'S at t lu- hun ' tall, 1.lIis ('tllIld also 1,., dUl' til LIlt' lIlJlllill<'1I1'-
d i s l)(' r.~i ve balauclug.
Koop ,~ BIlLlc'" [19SI]. ,'x p.'r1Illl'lllillly Ll'lill'd l ilt' l'xisLin,c; t.I11'ul'i.'s .,r IiniL,' 1I111 1,li.
lll l" ~ lutoruul solitai-y waves ill 1..' 1"1 11:< uf WilVC' sll/Ip" ,111 01 illlll'li tu <lI'.wav.·I"IIJi;1.1ts", d,'
l'dal. iollsllip ill it two lluld :;YSll'1ll, Tlu-l r 1"t'lilllts slluw tlt ill tilt' 1,,<lV "' llIlll,iul1 11I,, 'r1kl,:;
t ln- ri~ht sImp" alill i~ ll1p l i l. l1 <1 l'-waVt' I I 'll l';lll s<'all' 1'1,litl,illllliltip up (,,, • "" 0.11:\;1, wIlP"
the ml{dV extends tlJt' ra ll,c;" Lu ( = 11.1:1 [Their ,lIlllllit ud,' I is at'll1illly l"·IlI...J by
ti ll' su-at.ifled llt'pt h It, wltn-h is IIHW trnnsfonned ltl t tuu lind, ·,1 by t Ilt' tut nl , I" l' lh
11.). Segur &. 1-11I1I1l11iwk[[ !lX:l] ail'lI il1\'\'sl i,c;itl.l',J tlll ~ l" d V 1.1wul'.Y Lltru ttp;11.~XI H"I'i lllt'u t.s
ill a two fluid systom , will , fm:ll:; 11I1 1.11., :;olilnry s ulution uf lIw Ult'ory. T II,·i,· liu<l-
ing is again that t h.. 1,,<lV prodlcts t.1t.. ri,l1; ltl lihi'l ll~ illid illHl.lil lld,'-wlt\'o'll'll,c;I.1ts"" I.·
rela tionship lip ro f = 0.0'2.
Tltl 'sl' i llV<'sl i g,~ti fJ llS were n md ud, 'd 011 1.11 fur l.ll<'Sl"il, ly solita ry WilV' 'S 1111' 1 ill
terms or ti lt' sImp.' 11 11.1 at11 pli t l[ll l '-wavd ' ~ lI ,c; Ll l l'f 'I II I,io ll , wltill' 'HII' 1"<11111'arisull s an'
lii!l
f"r t ill l<' rll' Ill'lId" lIt s., lutions of til<' rnK tlV tl ll'fll"y, TIll' question is wlwllwr ti ll'
n 'lIrirlw,, 1vali,l it y mll~" o f t lll~ tlll'ol"y for t ill' s Lclldy solntlcn is uls" HPl'li '~llh ll' to t he
till U'l'vollltiu lI,
(Jur waVl' U(l . x ), with a lypirnl init illl Iront length o f over 10 km nnd wave-
1"1Ip;l1l ill Iln- 1I11,llIl a l" hore a llOlIt J kill, , ollliued in n ve r t ica l extent of :lIiOlll, cer-
lilin ly fi.lIs within t ill' l"at "gnry of t h.~ shallow water ronfigurutlon, within whic h tlII1
111 1,dV j l,dV t ll('ory is dcriw-d. T Ill' a rnpli tlld ,'s considered art ' ( ;::;: 0.02,0 .0'1 ;(1111
U.tl 7. 'I' ll" l'Onlir l1U'd l" flVj m ]\ , IV validity range is O.O~jO .O'I . bu t the aetual range is
l'Xlf< 'dl 'd t" ('xh'll, l I." s,, " w wlwre h!1L\\'I'(,n {0.02 ,0 .0' l) j (0'0'1, 0.07) . O Lvious ly,ollr
]\, IV v<lli,lil,y mll~l ' iNa ll11ost 1.II<' S<lI11" as t hose eonflnucd by tho above a uthors, wh ile
lI lt' IlI l\dV validi ty ra lll;" ap l)('ars to be small'1r thu l1 that given by Knop & Butler
[I !Il'(I].
\VIII'Il rol.lltioll i ~ ta ke-n lnt« uc-ouut, th e earlier evolu tion of till' wave front
iN Niglli linll1l1y illf,'d l'd l l('nll1 ~I' 1011/1; wave dislwrsion rodner-s 1I1l' amplitude of til\'
lront. Th t' fl'lllll, i ~ sl1wo tl l.'r an d dispersion begins la te r t h111in non rotati ng t"il.''li'S .
ll"latitlllil l df\'(' I,~ will 1"' '''11111' uuimpor tnnt ill tile later evo lu t ion st agl ' or rho front
a lt r-r ii, 1>t~'tll11 l's ~ ll llk il' lI l , ly s 1.(~'p. Therefore, 0111' nOll-rotat ing theory call bcupplicrl





siou obtai " ,'(1 (rum it fully llunl ill" i1T Il lum'Ti n t l ,nu. I.-1 wil l. till" I'rt..li,-ti"n ..r "" ';lk1)'
lIoll lil1l"af Uwor y. TIIC'p lJy\'li" lI1liiLlia l itln in mimi ill v"rl i...,lIy lril l'l M ~1 !( : W p'lI-k,-1s
U(T u r ri lll'; i n lIw ,""' lUI. 1c1'-illiZt..1 IH1' ;11I n m.liti" IIN art ' r-.. "si,I,'n..l, i.e. a l1'USllll ,l
dep th, lUI illVisd tl, illnll nI'R'l;sihl,' BUIls..i' Il"" 1 lI11i,I, vI'r lj ,"ally IIllif" rlll 111<".11' lI"Wli
ill ltllii lll lill' liLra l irk"li u IIS. Th. 'Sl ~ . 'na Me' Il l' l.. ,'unn 'IILr..11"1111 IIUT I!",;,l.
In such nu env irunmcut, U ll~ ('VUlll l ju ll uf !{iW... ftm ll t Il" sl a l,I ' "f n' sl is simu
lat r-dby Lamb's fully llun lilll 'llt 1l1l1lll'rind lIuIl1d . lhnlulnr J,,,n ·.~ art' " hl llilll" I, whirh
arr- li i m il ll T t o tlU Il;I ' Uhlil'rV, '. 1 i ll l ilt ' (It' I'H It Ily ' W I ll y ,' ll l l,,,l' s, FIJI' llw Silltl '~ I!,HWrII '
i ll,!!; eqnaticus, !ly 11... lI l1'thCll1 u r llsY lll lJ lotjl ~ ('XJHtlISiull , n ud \ d V lI11'ury is ,11'!"i V,·,1
WI
full..wiuJ: L. ~ ' k 1l . ·iLTl L~I . ~y [J!17-1].
III 1I 11 ~ weakly nonlinear theory, ti ll' temporal alit! ho ri zonta l varlatlon of the
wavp is dl 'snilJ('d by II wave proml' IJ(t,x) . l3(t,;r,)is d . ·l eI'1l1 i ll l~ 1 hy 1\ sd. of pU1'lIl11e-
l" rNn iJ wh k h an ' l ll.. mult.iuliors llll]ll'a ri llg ill vI'rlkallHo dl' fUllt'ti ullS. ln this lh('!li~
we Ii llVC~ dH JS( ~ 1I tu l ~s t il1mtc~ lJ(l,;/: ) from t Ill! Firsttwo terms (first and SI~(J lid order ill
1I11ljllil.ll<II·) (If ll ll ~ I'SYllll'lo t k I'Xlla llSioll (-1 .2) for llw denalty pertnrhatlou. Thus B
llilri(·s with 11'1,11 end with depth , sluco the rodl icil'nls of 8 and!P ill (,1.1:1) depend
011 (11·pl,1t. 'I'he !\ (IV and ml{ dV eqnatl cus aft' app roxhnntc e volution equaflons for
t his 'Lpl' roxinwlt' wave proilh- 11. Th(~ evolut ion of the WI~VC predicted hy th e [{£IV
('Cllla l illll is qulte M~ II,.i livn ttl (\'1,0 sillfl' 13 depends on n l,lJ an d rho nonlinear L('rl11
llt'pl 'lIds Oil fl . T I1l' 11I 1\t1V equaf.iou IJ11 HI!' otl1l'l' hand is much less depeudcut 011
. , 1,11, ' J'Ill' varint iun of t lu- m l\, [V 1" lllat ion with changes illlt l,O pa rtial ly mlllpellsatl'S
fur UIl' d l1ll,l!;I'S ill U. Bl'C/UISI' or this Llll' covolllt.illll pr l'l[idl'd h)' th l' 1ll1\,IV l'<]llaliull
is 11 11 1l'1I Ic'Ss sC'us iLiVt'to (11.0. 111' 111'. ' , tlJ(' m KdV equ ation is morv ac curate tl lilll ti ll'
I\(I V cquution.
1111J1'l'\'iOllS n 'S("lrf l! itl vlll v i n~ l'lJlI1pari l'iOnSof IGW evolution {e.g. LcO( ' &, Bi-ard-
dey ( l!li, 1] . Llu rt Ill, [1!ISrIJ, I'l r. ). I.I1l' SI'l'Olll·onl..r-acrurnt e I1lI\ dV equa tion IH~~
1)(,1'11 userl, lUl L tln- compan-d IV<~\'('S an- usually only Iirst-ordor-ncunrnte ill r , l .c. , Ii is
"htnilu...1 frolll 'I" = fl </>. Tlu-err or involved couldh.~ la rge sluce Ii a p pruxill1at l·d from
'/<I "" Ill/!cOIIIIIIll' much lc '~~ IIC('llrlltl' t lliln l.llilt ohl;,illl'd 10.1'usin,l!; IJ,I= II~\ + IF II" )'.
In rhls work, the I'xlnll'h'd IV<I\'t' fI( / ,.t) IIsl'd 1''' 1' li lt' "" 11lI'<l riso n,< is sl" ''' II,I·
order ilCCll r ll l,I' in I . To I'II SUI'I ' s u .. h l, WiIl'C' , u.setui-iufiniu- rilll,C," 111' I " '" is fnuud,
is not teo la rge aucl arunndn~'o run Ill' ~' .[I'(' I,c·11. It is clillic'lIll I,ll lind a 1"",,·1' luuuul
fur 0 ',0 ,
Cumparisuns aro m ade b!'lWl~~H thc! IlImld l'I'.<I1 I1.s and 1.11<' IId\dV f1\,IV t.1Il'O
ret.leal wave l )1] tll'l'll ~ hy slw(" iryill~ l\ rnnunou lnltlal ~llil ,c' . T Ill' muin n·~ l1h.s of I,lli'
compari sons art';
i. Tho theory l"l'jlroducI's lhl' noullm-a r ('v"[,llilJlI uf 1( ;Ws frolll llll lult.ial ~l;l l,t', willr
mos t uf tlu- foauacs ill gaud (ilialitilativc'agrt'( 'lIll'lt1. with ll ll' llllUI"1 l'I 'slI lI ,~ , ( ' . ).1. , lit<·
~tl)I'IJrr('!l.< of ti ll' frulll , tlw numlu-r o f ~ i gll il ; l· illl l . rippll'S irr 1.llI' Iml'l', 1.1 1<' I'ltilS!' 111111
nmpllunle of tIll' Iil1l few ripp ll's anr l the 11lIIIlirrmr p llJpill.\lll.iull s l>( '\'<I, , 'll' .
ii. TheI<dV 1"llI atiulI ad(~(lllilll'ly (It'sl'rilws L1 w "VlIllI1.i" u IIf it wuvo 1'111' , lip 1.uId""ll
O.O::!.
iii. TI Il~ m l(d V ('(llllllion sig ll ili(~all l.ly ilupruv('s UII till' l{dV "'I "/ ,l ion, ""I'('('iillly fur
large waves . The validity rango of til\' rnl{ ,IV ('I lual i ll lr nm Ill' I ' x l.('n,[('d lip I... HlJ lII("
where with I bdw(!I'1I 0.0-'1 ....0.07.
W' I.W );. T ll isiHTull uts [or t Il!' \1';. VI'S 11I'in.e;Ollt of p llll Sl'IlI, t lw tall oltheundula r hon-
ill nJl llparislllls. I\ lIullll'r ].roll)l·1lI is larppr tln-orotie ul amplitudes at I.IIl' bon ' tail.
Butll " 'IU),I Ill.1l n" , llIt of illlll'l'l'<l pl'iak nua liltl' lIr-d ispersivt' 11II1lIlll' i llP; of t ill' 1.1 ll'ory .
v , II l,wa li;O:l·,1 I I< 'pn~s i "lI uf smal l si:.:" will ' !<'wl " p into a fill it" 11111 1lwl' of solit ons
f"lI uwI'd by au u!wil lill in.e; IVilVI'train al u-r a IOIlp; t iuu- ovclut.lou.
vi. Hu l.ld,iu li is impurtaut. in ti ll' l'ltrly s1.il)l;P o f t lll~ Wi"'I' ,'v" lllli on h"I'lIIlSl' lon .e;wave
.lis pl 'l'siulI l 'l ~ III" {'S UIl' shw of till ' wave Iron t . At la te r sl.i1,l!;<>s whe n tlu- Iront is s t ,I~' I I,
tll is ,.Ui ·d , 011 t ill' lront lli sa JlI>Pllrs. Long wav es t rail the fro nt.
v i i. T Ill' 1ll1". IV "'llllltion is uppllcublo in lit e ro ta t ing cnse 1I1'i1r till' wavr- front lI[t,,1'
Llu-wuvr-fn >llt is slIflic-i"III,I)' st,'('I', lit l<'lIS!, for tI ll' tiuu- dellle ronsldered l1f~n' (lIfli'r a
1" '1')' 1 0 1l~ l.iuu-, mon·I"l l,!!; waves will dispr-rso out 111d th is will rui n t in' i1,l!;1'l"l"'lI1l'nt) .
v ii i. \,VII<'II iI hYI','rllUli l' ,s l mtili"l ltiun lIpp l'tJ;". ll<'s a st' ·pw is.. 1l1H' , 1111'fl' is 110 sudden
.'h;lI l ~" ill Iluw pal1.l 'r ns,
A ppawuLl.l', in "rd "r to furt.lu-r improve the ml\\IV t lU'01'}' for 11I rg(~r W!LVl't<,
lIi "II I'l' " f(II'r n-nnsshouhl I,, ' lncluck-d ill 11u- tlll'ory. ln L1I I' !J1'I'Sl'nl.study, tl u- I.prlllS
whic h an' 111llSI 1l1'( ~I {'1I lI"v ,' not IWI'II identi fied.
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